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The “precision era” of nuclear physics
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Some introduction: Bayesian statistics

Bayes theorem: everything is Distribution represents the degree of Parameter estimation of an

Use it to find distribution of
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And now, for something completely different—suppose you have
an experimental result and model prediction that have various
uncertainties to account for:
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Yexp (x) + gexp(x) = f(x) = Yiodae1(x,0) + errunc(x) + eyp(x)  + parameter

] l \ ; uncertainties!
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. H L with all th
Experimental Theory prediction + truncation ow do we deal with all these

Underlyin . uncertainties?
result + error ying error + model discrepancy
theory 3



What kinds of Bayesian tools can we use?

Type of problem Bayesian and/or ML tools

v

Experimental systematics Build statistical model

Lots of data but lack of well- Model discrepancy, model mixing,
behaved models neural networks

\ 4

Models with lots of unknown Model calibration

\ 4

parameters
Model is missing physics ~ Model mixing, model discrepancy,
and does not fit well to data ' model discovery

Discrepant models for the
same physics

A 4

Model mixing/combination

Lack of models/data to describe

Model mixing, Gaussian
observable over range

RIOCESSES
Emulator development

Expensive model evaluations
See Pablo’s talk tomorrow!
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Inverse problems Emulators, neural networks 4




Recap: model calibration

How do | fit my model to data so that it explains the data in the most accurate way?

Select a model with unknown parameters to fit to
the data (assume this model is correct)*

Define priors over your parameters, e.g., Gaussian,
truncated Gaussian, uniform, etc.

Define likelihood for the data (usually a chi-squared
but the form can change—ask Kyle!)

Sample the posteriors using MCMC methods
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Crash course: Gaussian processes (GPs)

“Set of random

variables, any subset of Correlation structure
which possesses a o ® o parameterized by a

Gaussian distribution” 2 ————— engthscale and

_— marginal standard

/ deviation

Hyperparameters that can
be determined by Bayesian
parameter estimation

Less abstract:

Defined by mean function
and covariance function
(kernel)

flx) ~ GPm(x), ff(ﬂi, )]

Contains dependence on
variance and lengthscale
(RBF, Matérn, etc.)

Defined over function
space, more flexible fit to
data than other methods

Common form: squared-
exponential radial basis function
(RBF)

—(z — x')?
krpr(z,’;£) = exp (T

Can be fitted to data +
uncertainties and used to
predict at new points




Eup: using GPs for model discrepancies

calibrated to data, but it is consistently
discrepant?

What if you have a model and its parameters are _ . How to
‘Yexp (x) + Eexp (x)’ = f(x) —‘Ymodel(x, 9)’+ @ odel this?
I L

l Aiizwsd Calibrated to the data
Model this discrepancy using some function 8,,p (x) et
l e  “Experiment”: 95% CI
B Without MD: 95% CI
. . B Model+GP (Kernel I): 95% CI
Perfect place for GPs! Estimate kernel based on prior 73 Model+GP (Kernel IT): 95% CI
knowledge of the problem:
“Ball-drop”
51 #) ~ GP (0, K- | $) o Ton k] S
experiment: simple 00 05 1.0
. . toy case where dragis — time (s)
Choices available: considered the : __10F
1. Priors on the model parameters and discrepancy = | R
hyperparameters of the kernel E el \§/
2. GP covariance kernel functional form 2ot £ of
S | 5
: : cll g
Simultaneously infer model parameters AND GP hyperparameters 0k < |
O.OI B 10.51 - ll.Ol B 0.01 - l0.5l B 11.01 B

— time (s) time (s) 7



Erunc. Model truncation error

Employ the BUQEYE truncation T — —n i — w— v — - e o — o
error model (gsum) AN ” Predictions | | Differences 5L Coeflicients
k E v N : —[lengthscale]
Uk(2) = oot (1) 3 0 (2)QM (@) 10
n=0 5 stanar
\ —1 deviation]
0F ) . ‘ : . '
Estimations for Known orders of 0 0.5 1 ). 0 0.5 1
unknown expansion =) z (b) z (c) .
orders
N\ - o Gaussian Processes: learn coefficient
0Yr(¥) = Yret () Z cn ()@ (7) distributions
/ n=k+l / Expansion Incorporates correlations in y(x), continuous
parameter model, priors constrain parameters of GP
Dimensional Naturali.i.d. ('suppresses
analysis curves higher orders) Easily test with diagnostics (Mahalanobis

distance, pivoted Cholesky decomposition,...)

J. A. Melendez, S. Wesolowski, R. J. Furnstahl, D. R. Phillips, M. Pratola, PRC 100, 044001 (2019) 8



Case study: model truncation error for dense matter

Fermi Momentum kr [fm™']

Use the truncation error L 14 L4 64
model to train on EFT ' + ' ' '
coefficients of known

. =<
orders to obtain theory =
uncertainties f§ 2
e
D) :
2
kg ~ 600 MeV L%)
kp) = —
Q( F) Ab/ _6F =
kg 2 0.1 | 0.2 | 0.3
yref(kF) = 16 MeV X L Density n [fm™?]
F,0

C. Drischler, R. J. Furnstahl, J. A. Melendez, D. R. Phillips, PRL 125, 202702 (2020)



Case study: model truncation error for dense matter

= LO === NLO == N°’LO == N°LO
| O W N'LO|

Fermi Momentum kr [fm™']

Use the truncation error 114 144

1.64

i P+1co
model to train on EFT ' ' ' ' ' - 20
. . 6 -@— C3 O
coefficients of known - = 15
. T4
orders to obtain theory 3 10
uncertainties T 2 5
/\ 5 -
Gy -
%
Er ~ 600 MeV 5 |
kp) = — 35 | 1
Q( F) Ab / _6F _ - | [l
ko \ 2 0.1 | 0.2 | 0.3 ?[
yref(kF) = 16 MeV x kF ) Density n [fm™?] » : : M

-10

1 h e | L
0.2 0.3 0.1 0.2 0.3

1 Ll
0.1
Density n. [fm™?] Density n [fm~?] 9

C. Drischler, R. J. Furnstahl, J. A. Melendez, D. R. Phillips, PRL 125, 202702 (2020)



Fermi Momentum kr [fm™']

Use the truncation error

1.14 1.44 1.64
model to train on EFT ! + ' ' '
coefficients of known

. <

orders to obtain theory N

uncertainties e

G |

.,

&

Er ~ 600 MeV &

kp) = —

Q( F) Ab/ 6k |

0.1 0.2

ke 2 . ' 0.3
yref(kF) = 16 MeV x kF ) Density n [fm™?] »

Derivatives of GPs carry UQ along with them!

[Further constrains
d F E E the EOS and its
P(n)=n?—= ~ (n) - = -
(n)=n dn A (n) , So (n) N (n) 1 (n), etc. properties]

35

25

10

-10

= LO === NLO == N°’LO == N°LO
| O W N'LO|

T T T T
- |E/N = 1o | P+tlo
L [MeV] L | [MeV fm 2
i i
i i

- (a) 1T (®)

20

15

10

1 1 1 L
0.1 0.2 0.3 0.1 0.2 0.3

Density n [fm™?] Density n [fm~?]

C. Drischler, R. J. Furnstahl, J. A. Melendez, D. R. Phillips, PRL 125, 202702 (2020)



Use the truncation error
model to train on EFT
coefficients of known
orders to obtain theory

G

kg ~ 600 MeV

uncertainties

Q(ke) = A_b/'

Yret (ky) = 16 MeV x (

Derivatives of GPs carry UQ along with them!

Fermi Momentum kr [fm™']
1.14 1.44 1.64
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& than one model? How do |
ek i decide which model to
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[Further constrains » I -
d E E E the EOS and its \\/ |
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C. Drischler, R. J. Furnstahl, J. A. Melendez, D. R. Phillips, PRL 125, 202702 (2020)




Focus: Bayesian model mixing

How do | reliably quantify model uncertainties and make predictions using more than one model?

Discrepancy term (theory

1 Setof models: My 2 yi = fillxi; 0) + &ix error), can be modelled

New predictions
2 Integrate over unknown

parameters (if any exist): pOly, x, M) = fp(ily, x,0)p0)y, x)d6

Model mix with a

choice of weights:  p(J|y, x) = Z wi(X)p(ly, x, M)

Two major types of BMM: Types explored in BAND:
1. Linear mixing
2. Regression trees
Full distribution Mean and variance 3. GP-based
mixing mixing 4. PCA model combination

Density-based VS. Moment-based

13



BMM application: the dense matter equation of state

Interested in the strong
force and its properties, 20
especially in nuclear
matter and neutron

stars

Nuclear
physics

Temperature (MeV)

DAlun Apae3

1
Lattice QCD

o’
ot
.
*
.
-
o*
B
.
.
o
-

Neutron stars

<

Baryon density n/n,
ng=0.16 fm3

The equation of state
(EOS) describes the
state of matter from

nuclei to neutron stars
to quarks and
deconfinement

Quark matter

How do we determine
the unified EOS for this
phase diagram?

14



BMM application: the dense matter equation of state

Energy density from chiral EFT: pQCD: perturbative description of high-

ensm(nB, T, ne,ny) = (1 — 2x)%epnm(np) density EOS with 3 quark flavors

+ 4z(1 — z)esnm(nB) P(n) = Prg(n)

+ €e(ne) +€u(ny). co + c1Q(Arg) + c2(n)Q°(Arg) + ...

0.40 T T T T T T T T T T T T . — 71 T T T T T T T T T T 1 1.3
0.35 | LO YEFT | pQCD |
= s NLO , - L2
ChiralEFT 5 . [ o il - BUQEYE
uncertainties & | N3LO 11 methods
include full e 110 used for
density and Y | truncation
observable 1T 109 error of
correlations i | both EOSs
N LO —40.8
[ s== NLO ] _
Ss== N2LO |~
OOO ] l ] 11 I | I | I | I | ] ] | L I 1 | 1 I ] l ] ] L | L L 1 06
050 0.75 1.00 125 150 1.75 2.00 20 40 60 80 100
Scaled density n/ng Scaled density n/ng

How to combine these theories? 15



BMM application: the dense matter equation of state

1 EOS models written as: — 4
@) (N _ D () —> ~ (4) ! i
Y¥(z) = F(z) + 0V (z) GP0, k" (z,2')] Assume Gaussian form and
l use Bayes theorem, produce
Full covariance matrix from posterior mean and
EOS models 9 covariance matrix P
2 GP prior on underlying theory written as: -
/. =2 /.
F(a)|I ~ GPIm(a), ky(z,a’)] —»  F5@i0)=ckna:0) l
—(z —2')?
b (57) s
* 202 Fo | {(w)iH0s Kyt T ~ Npte, S
with:
Include physics constraints ; pe =K ot(Kpae+ Ky) " ye — me) +my,
as hyperpriors: — [T~ U(ag,be) x N (pe;07) See = Kjee — Kpet(Kpu+ Kyu) " Kie.
| - [GP form]

Very important! 16



BMM application: the dense matter equation of state

Smoothly transition Use a “greedy approach” to

between two stationary RBF sequentially add heavy-ion

kernels using a switching , data and future model
function oz, §)k2(x, 25 &, )@, §) predictions to the EOS

asgmon(zizo,w) = [1+exp( - E 2200 -

w

k5 (@, 2" 41, 02,81,85,€) = [1 — o, §)]
X Kl(xa wl; 5%761)[1 - a(xl7€)]

2.5 T T T [ T T T [ T T T [ T T T [ T T T T 1T

T T T |
1.4 Spline

S I T T T : Mass M(R) |M, _

. mean function [P(n)/PFG(n) n 1UJ - i [ ass M(R) | @]] @
L 7 2.0+ —
1.2F B I |

T
i

1.0 pQCD | 1.5
I (N2LO) -
0.8

0.6 . Lor
04r _ :
L 0.5+
0.2 _ L
i no data
00 Lo | | | | I | | | 1 | [ | | | | | | | | | | | | | | | \ | | | | | |
100 10 102 005 R 10 12 14 16
Scaled density np/ng Radius [km]

17



BMM application: the dense matter equation of state

Smoothly transition
between two stationary RBF

Use a “greedy approach” to

’ ,;£a£7_27_27 =[1- )
kf(z,x';41,£2,87,¢5,€) = [1 — a(z, §)] sequentially add heavy-ion

kerne.ls using a switching % E‘l(x’ 7 E%’elj[l_z_ga(m,’sl)] data and future model
function (2 — 20)\] " + oz, &)ma(z, 75 8, bo)ole’, §) predictions to the EOS
a’sigmoid(x; Lo, w) - [1 + exp (_ w )] 95 . _ .

T T T |
1.4 Spline

S I T T T : Mass M(R) |M, _

. mean function [P(n)/PFG(n) n 1UJ - i [ ass M(R) | @]] @
L 7 2.0+ —
1.2F B I |

T
i

1.0 — pQCD | 1.5
(N2LO) -

_ 1.0~
0.5
i no data
L1 I ! I [ R L1
PPN | [ R N TN (NN TN N N N S AN TN N NN N NN SO TR MR B
10 10 10 0-0—5 8 10 12 14 16
Scaled density np/ng Radius [km]
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BMM application: the dense matter equation of state

Smoothly transition (o b, 22 ) = [L— (€ Use a “greedy approach” to
between two Stationary RBF FAE &9 51,25 €15 C2; o ,l = ) Sequentiauy add heavy_ion
kernels using a switching % E‘l(x’a’;;cl’eljuz_ (', )] data and future model
function (& — 20)\ ]~ +a@ e 736, Lo €) predictions to the EOS
asigmoid(x;x07w) - [1 +€Xp(_ w - )] /R e A s s B S S B B S B S S B
14+ Islglilnél K

T ] T T T T T T T T T T T T T T : M M R M 1

. mean function [P(n)/PFG(n) T 101 . I [ ass M(R) | @]] @
i ~ 2.0 7
1.2F I |

_W B v 0030-+045
B ()
: | o

1.0F

_ 1.0~
0.5
i no data
L1 I ! I [ R L1
PPN | [ R N TN (NN TN N N N S AN TN N NN N NN SO TR MR B
10 10 10 0-0—5 8 10 12 14 16
Scaled density np/ng Radius [km]
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BMM application: the dense matter equation of state

Smoothly transition
between two stationary RBF
kernels using a switching

Use a “greedy approach” to
sequentially add heavy-ion
data and future model

k5 (@, 2" 41, 02,81,85,€) = [1 — o, §)]
X Kl(xa wl; 5%761)[1 - a(ml7€)]

. /. =2 /
function (2 — 20)\] " + ol 8)a®; ' B ha el 8) predictions to the EOS
asigmoid(x,-fUO,'w): [1+exp(_ w )] /R e e A s e B B s B B S B S S B
14_Islglilnél

A RN - (Mass M(R) (M ]

. mean function LP(H)/PFG(H) I 1UJ | [ ass ( ) [ @]] @
L . 2.0 —
1.2+ B I |

10 i _ 00304045
| | 29 ot A @ﬁ"

| | e

0.5
i HIC constraint no data )
HIC constraint
00 [ |O | | | | [ |1 | | 1 | [ ) | | | | | | | | | | | | | | | \ | | | | | |
10 10 10 0.0 8 10 12 14 16
Scaled density np/ng Radius [km]
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BMM application: the dense matter equation of state

Smoothly transition , 5 o Use a “greedy approach” to
between two stationary RBF /(%% 61,61,6,8) = [1 = a(z,&)] sequentially add heavy-ion

kernels using a switching x (2,758, f)[1 — (', €)] data and future model

i + a(z, &) ke (z, z'; &5, bo) (2’ .
function (€ —z0)\ ] (2, &) (2, 25 &3, ) (2", €) predictions to the EOS
a’sigmoid(x; Zo, w) = 1+ exp| —
w 2.5 | T T T | T T T | T T T [ T T T | T T T [ T
|S T 1.| T | f T t. T T T T T T T I T T T T T T T : [Mass M(R) [M ]] —
L 11e mean runction — ®©
[ i i 510 N I
— 1 2.0 =
1.2 2 - 1
1.0 _— pQCD | 1.5 ‘ 7
(N2LO) w
0.8 |
0.6 . Lor i
0.4F | I
L 0.5
0.2 HIC constraint _| L no data _
: E Datum 1 | HIC constraint
i | | i | —— HIC + Datum 1
O~0 : : = I ‘ I ‘ ‘ — ‘ I I I I — | | 1 | | | Il | | | | | | | | 1
10° 10° 10° 005 3 0 2 ) 6
Scaled density np/ng Radius [km]
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BMM application: the dense matter equation of state

Smoothly transition
between two stationary RBF
kernels using a switching

Use a “greedy approach” to
sequentially add heavy-ion
data and future model

kf(z, x5 01,02,81,¢5,€) = [1 — a(z, §)]
X Kk1(z, 2’523, 01)[1 — a(z’, £)]

+ OA(LB, 6)"32(:177 33/; 537 32)()5(37/, €)

function

(z —20)\] predictions to the EOS
a’sigmoid(x; Zo, w) = [l +exp| —
w 2.5 T T T 1 T T T [ T T T [ T T T [ T T T T 1
|S |1.| L f T t. T T T T T T 1T : [Malss M(R) [M ]J
L Spline mean function - ®
LA P LP(n) /Pra(n) + 10J - J0740+6620
2.0 \
1.2 - -
1.0 I
1.5
0.81
0.6 1.0
0.4
L ¢ HIC constraint | 051 no data
¢ Datum 1 | = HIC constraint
= §  Datum? ] | = HIC + Datum 1
i | | | —— HIC + Datum 2
0'0 : — I ‘ I ‘ ‘ = I — | | Il | | | Il | | | | Il | | | 1
107 10’ 107 005 3 T R VRN ;

Scaled density np/ng

Radius [km]
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BMM application: the dense matter equation of state

Smoothly transition
between two stationary RBF
kernels using a switching

Use a “greedy approach” to
sequentially add heavy-ion
data and future model

ki(z, x5 0,42,8,83,8) = [1 — afz, )]
X K,l(.'L', xl; é%ael)[l - Of(.’l?’,g)]

i + a(z, &)k (z, 2'; 85, o) oz’ .
function (z — 20)\ ]~ (@, 8)k2(2, 7365, bo)(, ) predictions to the EOS
a’sigmoid(x; x07w) = [1 + exp (_ )]
w 2.5 T T T [ T T T [ T T T [ T T T [ T T T T 1T
T T T T T T T T T T T T T T T i
1.4 L Spline mean function _ - [Mass M(R) [MQ]J
P(n)/Pra(n) £ 1o -
[ P(n)/Pra(n) + 10|
1.2 . -
1'0__ pQCD 1.5
(N2LO) —
0.8 |
0.6 - 1.0
04r §HIC constraint | I waia | Updating with data reduces
0.9 ¥ Datum 1 _ “| — HICcons prior dependence!
i ¢ Datum 2 - HIO+ DA
| | | —— HIC + Datum 2
100 101 102 0.0 é [ 8| L1 |1|O L |1|2 [
Scaled density np/ng Radius [km]
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Z [mb/sr]

do
a6

2 [mb/sr]

do
a6

Ongoing work: BMM for optical potentials

“0Ca(p, el) at 35.8 MeV

10!
Simplified KDUQ
—— Simplified KD
# Grayetal, 1965
100 .
107 ; 35.8 MeV
13 ”»
Low” energy
10—2 o
o
10—3 4 mmE o
a a"0N
a o o
ma
104 T T T T T T T T
20 40 60 80 100 120 140 160 180
6 [deg]
. 40Ca(p, el) at 65.0 MeV
10
Simplified KD w/UQ
—— Simplified KD #2
100 3 \
10—1 4
) 65.0 MeV
. e “High” ener
103 4 .
By
5
1074 4
1075 A
10-6 T T T T T T T T
20 40 60 80 100 120 140 160 180

6 [deg]

Simplified KDUQ for low and high
energy regions

vl

v2

Removed imaginary volume term:

r

U(Ta E7 0, Ea]) = —VU(E)fWS(T', Rua av)

) d
- Z4W3(E)$fWS(T,Rw,aw)
2
42 sVio (i) L ¢
mzyC
+ Ve (r)

; d_rfWS(RSOa aso)
Removed imaginary surface term:
U(T, E;O,&j) = _VU(E)fWS(r) R’U,av)
- in(E)fWS(Ta Rwaaw)
h\°1d
mﬂc> __fWS(Rsoa aso)

rdr

ad rd wd2 wdl wdO a

rc

+ 2¢- sV, (
+ Ve (r)

E <15 MeVv
— E <30 MeV

— prior

OUOE

Parameter
calibration in
different E ranges
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Long-term goals: use model mixing framework to:
- Extrapolate along isotope chains
- Include ab initio optical potentials (see Kyle’s talk!)

24




Other studies: Bayesian model combination

Bayesian Model Averaging (BMA) globally weights models to use each in an N\
overall, collective model (see dripline predictions below!)

S, 1y Combined Estimate

B ===:S, ,, Combined Estimate

~~~~~~ # —4—AME2020 + LEBIT('**Sn)
¢ This Measurement

"\ ¢ S. . AME2020 Extrapolation|

X+ s, AME2020 Extrapolation

2n(2p)

Principal Component Analysis (PCA) eliminates redundant information in models and
construct a better mixed model posterior == possible uses with NLDs

A \¢1

Energy (MeV)

103Sn

S, RIKEN("™Sn)
RIKEN("Sn)

i | 6277 | 637T] | 64T |65T; | 667T] | 67T | 657 MO 70T;

sige 626¢ 635 [BAse| 655
53ca

51Ca/52Ca
S0k | Sl | 52k | 53k

2n(2p)

45p | 46p | 47p 49p

0.00 0.05 016 033 0.50 0.67 0.4 0.95 1.00
ass; |88 a5 M Prior average corrected model ~Calculated probability of existence

Proton number

i | s67i | 5777|5873 | o7 | 6073 627; | 637; | 647; (65T | 667 | 677; | 687; AN 707; 7
! il ,—‘
5S¢ 555c535c 59Sc 615¢ (625¢ 635 [REEN 555 c [BES 57 Sc
cq — B 1

59 = gME2020 (BMC training)

=2 EME 2020 (BMC validation)
CONEBIT observation(BMC training)

— —
52 |04l o5 Te |05 Te 108Te [109Te|110Te

51 | 1958 | 1055 | 107Sp [ eegh | 02 ]

S8Ar

47cl 48Cl JQC/ SOC’ 51cl SZCI 53Cl

&S, measured
asp = Observed

‘ | —— dripline estimate See Sudhanva Lalit’s
“esi Posterior average corrected model .
38 40 42 44 46 48 50 52 54 56 58 talk on the tin
Neutron number . .
isotope chain!

103G | 1045 | 1058 | %680 | 078N | 1eSn

Y (v v o o

01cd|2cd|wcdlecalscd|ecd

A A A

53 54 55 5 57 658

n N I i ]
52 54 56 58
N 25




Other studies: nuclear saturation point

0.157 4 0.010 fm 3 (95%)

RMF and Skyrme models predict two different

. . tor R
classes of (E,, ny) == how to reconcile this? Ask Pablo for ?é):tejglfr predictive
Nuclear Saturation: Empirical Constraints more details!
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Paper: C. Drischler, P. Giuliani, S. Bezoui, J. Piekarewicz, F. Viens, PRC 110 044320 (2024) 26



Bayesian resource: the sk =]

Cyber-infrastructure framework

Developed tools for the nuclear physics https://github.com/bandframework/bandframework
Emulator mixin g

community .
Physics .
Tested on toy models and model list Model emulation | ROSE (@;
{fulz:0)} -
5 g ) software!
4 )
Observations o <> Parameter & ;ﬁ;
Model calibration | surmise m discrepancy e
D =y & Errors N

4 2\  Our model

{ Physics

problem
statement

Quantities of

Q
((J

real-world applications
posterior samples

LIN

J
interest Q
ParMOO N | ' 4 )
. Taweret
Likelithood W{ Model &
Mg = fr ® ok Model mixing | Taweret = 2& predictive samples
BMEX Prior :l: \_ )
| © ...
, =\
4\ ) + BAND applications database bmc
surmise = Py
~"

JitR '

// + E
©)=  Rrose examples PUQ LCGP
Pant shown in this talk

+ more! LCGP 27




BMM resource: Taweret Python package

Open-source repository:

Python interf for rs to empl
ytho erface for users to employ https://github.com/bandframework/Taweret

BMM methods on their own models ﬁ
Present: our 3 methods + toy models . Published in
= &=
Advantage: add your OW” BMM — The Journal of Open Source Software
method! = E— [ Supply models
/I\ ~

/I\\

= Pick mixing C]—m m m m | E
— method ]
: }
2 Model Training T

Base Mixer Class
| [ Predictions or Uncertainty Quantification ]

3 .3 C

DOI: 10.21105/joss.06175 New GP model mixing feature coming with BAND release in summer! 28

Tramlng

Data: (x y)

o —

Picture credit: Dick Furnstahl




Several ways to quantify errors in models that may be applicable in statistical
reactions

- UQvia discrepancy modelling
- UQ through model calibration (as many are already doing)

BMM still in its toddler phase, but three powerful techniques available now—and
improvements are ongoing!

Work in BAND collaboration useful for this community, especially model calibration
and mixing packages
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Multivariate model mixing

Toy model to mimic EFTs

3.00 7

F(g) = / dp =% ' 2T

— OO

Ny ]

fo(9) =) skg® Asymptotic 2.25
= 20900

TR E& ]

filg) ~ — ) lrg™" Convergent 1.75 1
Vi |

1.50

Use a Gaussian form for 1.25_5

the calibrated models

1.00 -

0.0
My, =N (.fs,z(g)

F(g): expansions and true model

2.50 1

—— True model

02 04 06 08

1.0

ACS, RJ
Furnstahl, DR
Phillips, PRC
(2022)

Uncertainty Quantification

Use estimation of the
uncertainties from higher
order terms

U?(Ns) _ §2 (%>!2(4Q)2N5+4

o2(N:) _ g2 (st— 1)!2(49)2NS+2

2Ny _p 1 1
l __F(Nl2—|—3)2 (49)2NL—|—3

Using orders we know to
approximate those we
don’t...
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Multivariate model mixing

Combine models... Weights considered the
2 2 inverse of the variances for
N(f&o-s) N(flagl )
) 5 5 o K each model
2 2 0 2 2 T P 2 Jk%&p P = )
o5 +0j o5+ 0 r Yk =1 Yk
30 ‘ T ‘ ‘ T T ‘ T ‘ ‘ ‘ T ‘ ‘ ‘ T ‘ ‘ T ‘ ‘ T R ‘ T ‘ ‘ ‘ T ‘ ‘ ‘ T
i i ; —— True model | | ._.-" —— True model
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[ A fes%cr | £ /6% Cl |1 GP does a
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........ £ 68% CI e e ol || 800d job of
f —— Mixed model | — Mixed model | { predicting
209 0) N e R T N T, @WHCL 11 inthe
= . =S Training data | |
s < | unknown
region
1.5¢ -
, (b) |
1.0 , 05 07 09
g g ACS, RJ Furnstahl, DR

Phillips, PRC (2022)
Promising for real applications! 33



Multivariate model mixing

Unconstrained prior
)

krpr(z,z';£) = exp < 57

Constrained prior on lengthscale

—(z —2')?

)

1.4 —/ GP learns very long 1.4 Reduction of the
length scale => induces [P(n)/Ppg(n) + 10] ‘ correlation length [P(n)/Ppg(n) + 10]
1.2t | strong pQCD influence 1 1.21| between the EOSs
in chiral EFT region N
1.07 1.0
pQCD cutoff
0.8} g = 40ng : 0.8t /A Ve
7 ﬁ /./' Ny 7"
0.6 /./ , VEFT (N°LO) | 0.61 /,/ ! 7|/ XEFT (N3LO)
' —— pQCD (N2LO) /./' 'r —— pQCD (N2LO)
0.4t —— Mixed Model 0.4+ :/,/ | —— Mixed Model
——= Danielewicz et al. (2002) 7/ i ——:= Danielewicz et al. (2002)
o2t AL | Leonhardt et al. (2020) 0.25 / / /./'/‘\'J ----- Leonhardt et al. (2020)
[ Training points e o [ Training points
0.090 00 102 0.9 —
n/ng n/ng

Physics-informed priors on the mixed model GP have a very large influence
on the uncertainties obtained
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a W Prior
F

BUQEYE + the nuclear matter EOS p

Recent progress using GPs has led to tight theoretical constraints on the EOS
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va g JQon the saturation point
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experimental constraints! 30 39 34
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