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Part 1: Investigating the Validity of  
Hauser Feshbach Theory in Compound 

Nuclear Reactions



Motivation
• Hauser Feshbach (HF) theory: 

statistical framework for compound 
nuclear reactions.
• Applications:

1. Energy
2. Security
3. Medicine
4. Basic science
5. And more
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Which reaction theories and 
where?
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• Key question: does including 
information about microscopic 
structure have an applicable impact on 
HF theory?  

Hauser Feshbach – Random vs Structure

Random
(Current underlying assumption)

Structure

versus



• Compound nucleus contribution to cross section:

Hauser Feshbach Basics
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duced when interpreting results.
This study will not directly use any of the afore-

mentioned ensembles, but instead vary specific proper-
ties of the Hamiltonian matrices. In order to extract
the compound cross section, we follow the methodology
of Kawano et al. [28], and use Monte Carlo sampling
to generate a ensemble of random S matrices defined
via [14],

S(i)ab = ωab ⌐ 2iε⩀
µω

Waµ(D⌐1)µωWωb, (2)

where,

Dµω = Eωµω ⌐H(i)µω + iε⩀
c

WµcWcω . (3)

The matrix H(i)µω represents the compound Hamiltonian
and is sampled from a random matrix ensemble. Most
typically it is selected as a member of the GOE, which
contains the following first and second moments,

H(GOE)
µω = 0, (4)

H(GOE)
µω H(GOE)

εϑ = ϑ2

N
(ωµεωωϑ + ωµϑωωε), (5)

in the limit N →∞. The energy range of the compound
is given by [⌐2ϑ,2ϑ], and d = ϖϱ

N is the average level

spacing. The choice of H(GOE)
µω = 0 versus H(GOE)

µω =
E0ωµω is irrelevant as the latter can be absorbed in the
Eωµω term in Eq. (3).

Ignoring the kinematic and spin factors, the compound
nucleus cross section is given by,

(ϖCN)ab = ⌜Sab⌜2 ⌐ ⌜Sab⌜2, (6)

or equivalently,

(ϖCN)ab = (ϖHF )abWab = TaTb⊍c Tc
Wab,

Ta = 1 ⌐ ⌜Saa⌜2.
(7)

where the overline denotes an ensemble average. We will
focus on the WFC factor, which can be expressed via the
following ratio,

Wab = (ϖCN)ab(ϖHF )ab , (8)

and becomes the elastic enhancement factor, Wa ≡ Waa

when all channels are degenerate.
Our first investigation focuses on the e!ects of the

Hamiltonian eigenvalues on the elastic enhancement fac-
tor. To construct ensembles of quasi-random Hamiltoni-
ans, with controlled eigenvalues, we consider two possible
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FIG. 1. (Top panel) the distribution of the eigenvalues of
the Hamiltonian corresponding to the GOE ensemble, to the
Wigner semi-circle distribution (Semi), to the Gaussian distri-
bution, to the Lorentz distribution, and to nuclear shell model
(SM) are shown as a function of energy in units of ω. The
shell model calculations were performed for 24Mg, J , T = 0.
The value of the black dashed line is 1⌜(ωε). The GOE and
Semi lines strongly overlap. The ensemble average was per-
formed over Nsamples = 10,000 random Hamiltonians to show
the eigenvalue distributions, and for Nsamples = 1,000,000
random Hamiltonians for all other results in this study, un-
less explicitly stated otherwise. (Bottom panel) the elastic
enhancement factor based on the Hamiltonian construction
given by Eq. (9). We consider two channels with transmis-
sion coe!cients Ta = Tb. The dimension of the matrices is
N ⌐N = 100 ⌐ 100.

constructions. We start with a diagonal Hamiltonian, de-
noted by D, whose eigenvalues are sampled from either
the Wigner Semi-Circle, Gaussian, or Cauchy Lorentz
distributions, as shown in the top panel Fig. 1. In the
first construction the eigenvalues are selected randomly;
in the second construction the eigenvalues are sampled
in pairs (ϑ,⌐ϑ). are made non-diagonal via the following
orthogonal transformation,

H = OTDO. (9)

The orthogonal matrices are chosen as the eigenvectors of
a random member of the GOE. The pair sampling allows
us to obtain the same first and second moments as the
GOE, when we sample from the Wigner semi-circle dis-
tribution, as shown in Table I. Surprisingly, even though
the eigenvalues, first moments, and second moments are
the same as the GOE, this construction is not able to

Pure HF theory

Width Fluctuation 
Correction Factor 
(WFCF)

Transmission coefficients 
(optical potential)
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WFCF expressed 
as ratio



• Arises from energy or ensemble average over S matrix:
• Related to experimental resolution
• Non-unitary (energy-averaged) S matrix

Width Fluctuation Correction Factor
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invariance is compensated by additional physics included
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duced when interpreting results.
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choice of H(GOE)
µω = 0 versus H(GOE)

µω = E0ωµω is irrele-
vant as the latter can be absorbed in the Eωµω term in
Eq. (3).

Ignoring the kinematic and spin factors, the compound
nucleus cross section is given by,

(ϖCN)ab = ⌜Sab⌜2 ⌐ ⌜Sab⌜2, (6)

or equivalently,

(ϖCN)ab = (ϖHF )abWab = TaTb⊍c Tc
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(7)

where the overline denotes an ensemble average. We will
focus on the WFC factor, which can be expressed via the
following ratio,

Wab = (ϖCN)ab(ϖHF )ab , (8)

and becomes the elastic enhancement factor, Wa ≡ Waa

when all channels are degenerate.

Our first investigation focuses on the e!ects of the
Hamiltonian eigenvalues on the elastic enhancement fac-
tor. To construct ensembles of quasi-random Hamiltoni-
ans, with controlled eigenvalues, we consider two possible
constructions. We start with a diagonal Hamiltonian, de-
noted by E, whose eigenvalues are sampled from either
the Wigner Semi-Circle, Gaussian, or Cauchy Lorentz
distributions, as shown in the top panel Fig. 1. In the
first construction the eigenvalues are selected randomly;
in the second construction the eigenvalues are sampled in
pairs (ϑ,⌐ϑ), and denoted by the label "Degen". For both
constructions the resulting Hamiltonian is made non-
diagonal via the following orthogonal transformation,

H = OTEO. (9)

The orthogonal matrices are chosen as the eigenvectors of
a random member of the GOE. The pair sampling allows
us to obtain the same first and second moments as the
GOE, when we sample from the Wigner semi-circle dis-
tribution, as shown in Table I. Surprisingly, even though
the eigenvalues, first moments, and second moments are
the same as the GOE, this construction is not able to
reproduce the GOE.

For fixed coupling matrices, Waµ, the transmission co-
e"cients vary proportional to the eigenvalue distribution,
P (E). However, once the transmission coe"cients are
fixed, the eigenvalue distribution has no e!ect on the
elastic enhancement factor, see Fig. 1. This is also true
for the more general WFCF as shown in Table II. The
WFCF is evaluated at E = 0 MeV, as was done for the
standard GOE results [28], which completely determines
the transmission coe"cients in the limit Nsamples →∞.

In order to make the distribution of eigenvalues more
realistically resemble a level density, we also evaluate the
cross sections away from E = 0 MeV, see Fig. 2 This re-
stores the expected property, at least locally, that the
level density increases as a function of energy. We chose
to examine normalizable distributions, and as a result,
eventually the level densities will decrease. However,
since the spectrum is defined in terms of the dimension-
less parameter ϑ, which can be made arbitrarily large,
it is unlikely this property of the level density will a!ect
results. Of course ϑ and the number of resonances N are
related via the average level spacing d = ϖϱ

N . The distri-
butions are normalized such that, P (E = 0) = N⌜d, which
is independent of N . All results should not dependent on
N , provided N is su"ciently large. IA: This needs to be
verified for other distributions, outside of the GOE. We
should also explore what happens if the normalization is
given by P (E = E′) = N⌜d? Can we obtain maximum
transmission away from E = 0 in this case?

We find that the GOE results remain unchanged when
evaluating the cross section away from E = 0, except
for restricting the maximum possible transmission. For
other ensembles, as the energy decreases the elastic en-
hancement factor increases. IA: why? At fixed energy,
the distribution of eigenvalues have little to no e!ect, as
was the case at E = 0 MeV. Since these distributions
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other ensembles, as the energy decreases the elastic en-
hancement factor increases. IA: why? At fixed energy,
the distribution of eigenvalues have little to no e!ect, as
was the case at E = 0 MeV. Since these distributions
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Background: Nuclear reactions involving medium and heavy nuclei are di!cult to treat directly, especially in
reactions involving the formation of a compound nucleus. As a result, the compound contribution to the reaction
cross section is treated via statistical methods, which assume the underlying compound Hamiltonian can be
approximated as a member of the Gaussian Orthogonal Ensemble.
Purpose: In this work we investigate this assumption by modifying the eigenvalues of the Hamiltonian, the
statistics of it’s elements, it’s structure, and it’s coupling to external channels. We investigate a more realistic
ensemble of Hamiltonians inspired from nuclear shell model calculations.
Method: A Green’s function approach is used, with quasi-random Hamiltonians, to generate a ensemble of
scattering matrices. Monte Carlo sampling is employed to take an ensemble average and extract the compound
cross section.
Results: We consider many alternative ensembles to the GOE. We focus on the case where all channels have
roughly equivalent transmission, as well as the e"ects of the couplings from the external channels to the internal
states of the Hamiltonian.
Conclusions: We find the compound cross section, for fixed transmission coe!cients, contains no dependence
on the spectrum of the Hamiltonian, but strong dependence on the statistics of it’s elements and, especially, it’s
couplings to external channels.

Theoretically, nuclear reactions involving the forma-
tion of a compound nucleus are di!cult to describe ex-
actly due to the complex nuclear structure within the
compound. However, they are prominent in many es-
sential phenomena, including, but not limited to, neu-
tron capture, nuclear collisions at low energies, and nu-
clear fission. Consequentially, statistical models, such as
Hauser Feshbach (HF) theory [1], are typically employed
with the underlying assumption that Bohr’s hypthosis is
roughly valid [2].

The HF formula was first derived by Bethe [3] in 1937
under the restriction that there are no correlations be-
tween the partial widths of di"erent channels [4]. In re-
ality this assumption does not hold, and, as a result, the
HF formula has to be corrected by the width flucuation
correction (WFC) factor, which is general enough to ac-
count for any possible missing correlations. In fact, only
a very special type of Hamiltonian (to be discussed later)
corresponds to pure HF theory, one that is never realized
in nuclei.

Overtime significant e"ort has been made in under-
standing the WFC factor [4–18], whose most important
e"ect is to enhance elastic scattering of the compound
relative to pure HF theory. The standard description
of the WFC factor today is derived from the following
assumption: the nuclear Hamiltonian can be reasonably
approximated as a member of the Gaussian Orthogonal
Ensemble (GOE) [14]. The GOE is an attractive random
ensemble, because it contains the following features: it
is invariant under orthogonal transformations, universal,
and ergodic [19]. It is also the ensemble which maxi-
mizes the Shannon information entropy for the S ma-
trix [10, 11, 15], or equivalently, minimizes the amount

of information contained in the matrix probability distri-
bution P [H] [20],

I{P [H]} = ⩀ d[H]P [H] logP [H]. (1)

In this sense, investigating the validity of the GOE is
equivalent to investigating the principle of maximal en-
tropy, in the domain of general time-reversal invariant
Hamiltonians (unitary and symmetric matrices) [11]. It
is important to note, this principle is applied at the level
of the ensemble and not individual Hamiltonian matri-
ces within. Based on the fact that the nuclear Hamil-
tonian contains additional information, such as known
quadrupole and pairing interactions [21], the question
shifts from whether the GOE is valid, to what is the
extent of it’s inaccuracy.

Motivated by nuclear shell model, e"orts have been
made to address this. In the 70s French and Wong [22]
and Bohigas and Flores [23] introduced the two-body ran-
dom ensemble (TBRE), which emphasizes the dominance
of two-body interactions in nuclei. Following suit, similar
types of ensembles emerged including the random quasi-
particle ensemble (RQE) [24, 25], the embedded Gaussian
Orthogonal Ensemble (EGOE) [26], and the constrained
Gaussian Orthogonal Ensemble [19]. For a more com-
plete review see [18, 27]. In transitioning to these new
classes of ensembles, from the GOE, an important fea-
ture is lost: invariance under orthogonal transformations.
This is equivalent to the statement that the Hamiltonian
ensemble is now basis dependent. The loss of orthogonal
invariance is compensated by additional physics included
in the model, although further subtleties are now intro-
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• Consider degenerate two channel case
• WFCF enhances elastic channel

Understood in terms of  structure and mixing

• Level density has no effect
• True for general WFCF as well

Investigation One: Level Density
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• Structure has significant effect
• Caveat: no longer basis 

independent
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TABLE I. The ensemble average was performed over Nsamples = 10,000 random Hamiltonians to compute the moments.

Distribution Haa Hab HaaHaa HabHab HabHcd

SM Statistics 1.6 ⌐ 10⌐4 2.9 ⌐ 10⌐4 1.1 1.4 ⌐ 10⌐2 2.7 ⌐ 10⌐6
SM Structure 2.0 ⌐ 10⌐3 4.5 ⌐ 10⌐4 1.1 1.5 ⌐ 10⌐2 8.0 ⌐ 10⌐6

Semi −2.8 ⌐ 10⌐3 1.8 ⌐ 10⌐6 2.9 ⌐ 10⌐2 1.0 ⌐ 10⌐2 6.3 ⌐ 10⌐6
Gauss −1.8 ⌐ 10⌐3 9.0 ⌐ 10⌐6 4.6 ⌐ 10⌐2 1.6 ⌐ 10⌐2 4.2 ⌐ 10⌐6

Lorentz −8.6 ⌐ 10⌐1 7.8 ⌐ 10⌐4 3.5 ⌐ 105 1.0 ⌐ 105 1.9

Semi-Degen 0.0 2.6 ⌐ 10⌐6 2.0 ⌐ 10⌐2 1.0 ⌐ 10⌐2 −2.4 ⌐ 10⌐6
Gauss-Degen 0.0 −6.7 ⌐ 10⌐6 3.1 ⌐ 10⌐2 1.6 ⌐ 10⌐2 −1.1 ⌐ 10⌐5

Lorentz-Degen 0.0 9.6 ⌐ 10⌐3 1.1 ⌐ 105 5.7 ⌐ 104 3.6 ⌐ 102
GOE 1.6 ⌐ 10⌐4 −3.3 ⌐ 10⌐6 2.0 ⌐ 10⌐2 1.0 ⌐ 10⌐2 2.2 ⌐ 10⌐6

now resemble more realistic level densities, we suspect
the elastic enhancement ratio and WFCF will be inde-
pendent of the level density, once the transmission coef-
ficients are fixed. IA: there is another investigation to be
done here. When fixing the channel-coupling parameter
ω, there are two choices, as T is a function of ω2. For
the GOE, both lead to the same result, but this does
not sem to be the case for other ensembles, at least away
from E = 0. This ties into the larger point that the cou-
pling matrices cannot be chosen arbitrarily, except for
the GOE. This means the WFCF might most generally
depend on T , M , which is defined close to Eq. 12, and
the diagonal coupling matrix.

In contrast, the elastic enhancement factor is signifi-
cantly a!ected by both the statistics of the matrix ele-
ments of the Hamiltonian as well as it’s structure. Taking
a 325⌐325 dimensional shell model Hamiltonian describ-
ing 24Mg with J = 0, T = 0, we construct distributions for
the diagonal and non-diagonal matrix elements. These
distributions are then sampled to generate an ensem-
ble of 100 ⌐ 100 dimensional Hamiltonian matrices, de-
noted by the name SM statistics. We also considered the
case where the locations of the zero matrix elements are
fixed and the rest are randomly sampled from the afore-
mentioned distributions. This ensemble, which preserves
some of the structure of the shell model Hamiltonian, is
labeled as SM structure.

In Fig. 3 we show the elastic enhancement factor for
two di!erent coupling matrices,

Waµ =

⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌝

ω1 0 0 ... 0 ... 0

0 ω2 0 ... 0 ... 0

0 0 ω3 ... 0 ... 0

... ... ... ... ... ... 0

0 0 0 ... ω! ... 0

... ... ... ... ... ... 0

0 0 0 0 0 0 0

⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝!⌐N

, (10)

and ⌝W = OW , where, as before, O represents the eigen-
vectors of a random member of the GOE. As expected,
the GOE is independent of the coupling matrices, as are
the Semi and Semi-Degen ensembles. This is a conse-

quence of the fact that all three ensembles are orthogo-
nally invariant. On the other hand, both shell model re-
sults are greatly e!ected, especially in the limit of strong
absorption.

The key question now becomes, what are the realis-
tic couplings of the external channels to the compound
states? Is the coupling matrix diagonal, which preserves
the form of the shell model inspired Hamiltonians? This
is unlikely, as physical observables have to be basis in-
dependent. Are the couplings completely random, which
most aligns with the spirit of Bohr’s hypothesis? This
is certainly a possibility, and if it is indeed the case, we
would recover the results of the GOE. However, this is
also unlikely, as the implication is that compound reac-
tions are completely insensitive to important information
contained in the nuclear Hamiltonian, such as pairing
correlations. It is our belief, that the most correct cou-
pling will be more specialized, and depend strongly on
the external channels of interest, their energies, angular
momenta, parities, and the specific compound nucleus.

In an attempt to gain further insight we perform the
following transformation on the coupling matrices,

⌝W = RW ,

R = e”A,
(11)

where A is a random anti-symmetric matrix with non-
diagonal elements chosen in the same manner as for
GOE matrices. This transformation smoothly transitions
the coupling matrices from completely diagonal to com-
pletely random, as ! varies from 0 to 1.5. The degree of
randomness can be characterized by the Shannon infor-
mation entropy of the matrix M = V R, where V repre-
sents the eigenvectors of the Hamiltonian,

S(i)e = −2 N⩀
i,j=1
⌞M (i)

ij ⌞2log(⌞M (i)
ij ⌞). (12)

This is defined separately for each matrix of the ensemble
and then averaged. The ensemble average of S(i)e will be
denoted by Se and refered to as the average entropy.

In Fig. 4 we observe that as the average entropy in-
creases, corresponding to greater mixing between states,
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TABLE I. The ensemble average was performed over Nsamples = 10,000 random Hamiltonians to compute the moments.

Distribution Haa Hab HaaHaa HabHab HabHcd

SM Statistics 1.6 ⌐ 10⌐4 2.9 ⌐ 10⌐4 1.1 1.4 ⌐ 10⌐2 2.7 ⌐ 10⌐6
SM Structure 2.0 ⌐ 10⌐3 4.5 ⌐ 10⌐4 1.1 1.5 ⌐ 10⌐2 8.0 ⌐ 10⌐6

Semi −2.8 ⌐ 10⌐3 1.8 ⌐ 10⌐6 2.9 ⌐ 10⌐2 1.0 ⌐ 10⌐2 6.3 ⌐ 10⌐6
Gauss −1.8 ⌐ 10⌐3 9.0 ⌐ 10⌐6 4.6 ⌐ 10⌐2 1.6 ⌐ 10⌐2 4.2 ⌐ 10⌐6

Lorentz −8.6 ⌐ 10⌐1 7.8 ⌐ 10⌐4 3.5 ⌐ 105 1.0 ⌐ 105 1.9

Semi-Degen 0.0 2.6 ⌐ 10⌐6 2.0 ⌐ 10⌐2 1.0 ⌐ 10⌐2 −2.4 ⌐ 10⌐6
Gauss-Degen 0.0 −6.7 ⌐ 10⌐6 3.1 ⌐ 10⌐2 1.6 ⌐ 10⌐2 −1.1 ⌐ 10⌐5

Lorentz-Degen 0.0 9.6 ⌐ 10⌐3 1.1 ⌐ 105 5.7 ⌐ 104 3.6 ⌐ 102
GOE 1.6 ⌐ 10⌐4 −3.3 ⌐ 10⌐6 2.0 ⌐ 10⌐2 1.0 ⌐ 10⌐2 2.2 ⌐ 10⌐6

now resemble more realistic level densities, we suspect
the elastic enhancement ratio and WFCF will be inde-
pendent of the level density, once the transmission coef-
ficients are fixed. IA: there is another investigation to be
done here. When fixing the channel-coupling parameter
ω, there are two choices, as T is a function of ω2. For
the GOE, both lead to the same result, but this does
not sem to be the case for other ensembles, at least away
from E = 0. This ties into the larger point that the cou-
pling matrices cannot be chosen arbitrarily, except for
the GOE. This means the WFCF might most generally
depend on T , M , which is defined close to Eq. 12, and
the diagonal coupling matrix.

In contrast, the elastic enhancement factor is signifi-
cantly a!ected by both the statistics of the matrix ele-
ments of the Hamiltonian as well as it’s structure. Taking
a 325⌐325 dimensional shell model Hamiltonian describ-
ing 24Mg with J = 0, T = 0, we construct distributions for
the diagonal and non-diagonal matrix elements. These
distributions are then sampled to generate an ensem-
ble of 100 ⌐ 100 dimensional Hamiltonian matrices, de-
noted by the name SM statistics. We also considered the
case where the locations of the zero matrix elements are
fixed and the rest are randomly sampled from the afore-
mentioned distributions. This ensemble, which preserves
some of the structure of the shell model Hamiltonian, is
labeled as SM structure.

In Fig. 3 we show the elastic enhancement factor for
two di!erent coupling matrices,

Waµ =

⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌝

ω1 0 0 ... 0 ... 0

0 ω2 0 ... 0 ... 0

0 0 ω3 ... 0 ... 0

... ... ... ... ... ... 0

0 0 0 ... ω! ... 0

... ... ... ... ... ... 0

0 0 0 0 0 0 0

⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝!⌐N

, (10)

and ⌝W = OW , where, as before, O represents the eigen-
vectors of a random member of the GOE. As expected,
the GOE is independent of the coupling matrices, as are
the Semi and Semi-Degen ensembles. This is a conse-

quence of the fact that all three ensembles are orthogo-
nally invariant. On the other hand, both shell model re-
sults are greatly e!ected, especially in the limit of strong
absorption.

The key question now becomes, what are the realis-
tic couplings of the external channels to the compound
states? Is the coupling matrix diagonal, which preserves
the form of the shell model inspired Hamiltonians? This
is unlikely, as physical observables have to be basis in-
dependent. Are the couplings completely random, which
most aligns with the spirit of Bohr’s hypothesis? This
is certainly a possibility, and if it is indeed the case, we
would recover the results of the GOE. However, this is
also unlikely, as the implication is that compound reac-
tions are completely insensitive to important information
contained in the nuclear Hamiltonian, such as pairing
correlations. It is our belief, that the most correct cou-
pling will be more specialized, and depend strongly on
the external channels of interest, their energies, angular
momenta, parities, and the specific compound nucleus.

In an attempt to gain further insight we perform the
following transformation on the coupling matrices,

⌝W = RW ,

R = e”A,
(11)

where A is a random anti-symmetric matrix with non-
diagonal elements chosen in the same manner as for
GOE matrices. This transformation smoothly transitions
the coupling matrices from completely diagonal to com-
pletely random, as ! varies from 0 to 1.5. The degree of
randomness can be characterized by the Shannon infor-
mation entropy of the matrix M = V R, where V repre-
sents the eigenvectors of the Hamiltonian,

S(i)e = −2 N⩀
i,j=1
⌞M (i)

ij ⌞2log(⌞M (i)
ij ⌞). (12)

This is defined separately for each matrix of the ensemble
and then averaged. The ensemble average of S(i)e will be
denoted by Se and refered to as the average entropy.

In Fig. 4 we observe that as the average entropy in-
creases, corresponding to greater mixing between states,
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Random 
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Insight gained from Entropy
• Shannon information entropy:

• Maximal ensemble entropy: GOE
• Minimal local entropy: elastic scattering 
• Entropy as measure of  deviation from GOE
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TABLE I. The ensemble average was performed over Nsamples = 10,000 random Hamiltonians to compute the moments.
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SM Structure 2.0 ⌐ 10⌐3 4.5 ⌐ 10⌐4 1.1 1.5 ⌐ 10⌐2 8.0 ⌐ 10⌐6

Semi −2.8 ⌐ 10⌐3 1.8 ⌐ 10⌐6 2.9 ⌐ 10⌐2 1.0 ⌐ 10⌐2 6.3 ⌐ 10⌐6
Gauss −1.8 ⌐ 10⌐3 9.0 ⌐ 10⌐6 4.6 ⌐ 10⌐2 1.6 ⌐ 10⌐2 4.2 ⌐ 10⌐6

Lorentz −8.6 ⌐ 10⌐1 7.8 ⌐ 10⌐4 3.5 ⌐ 105 1.0 ⌐ 105 1.9

Semi-Degen 0.0 2.6 ⌐ 10⌐6 2.0 ⌐ 10⌐2 1.0 ⌐ 10⌐2 −2.4 ⌐ 10⌐6
Gauss-Degen 0.0 −6.7 ⌐ 10⌐6 3.1 ⌐ 10⌐2 1.6 ⌐ 10⌐2 −1.1 ⌐ 10⌐5

Lorentz-Degen 0.0 9.6 ⌐ 10⌐3 1.1 ⌐ 105 5.7 ⌐ 104 3.6 ⌐ 102
GOE 1.6 ⌐ 10⌐4 −3.3 ⌐ 10⌐6 2.0 ⌐ 10⌐2 1.0 ⌐ 10⌐2 2.2 ⌐ 10⌐6

now resemble more realistic level densities, we suspect
the elastic enhancement ratio and WFCF will be inde-
pendent of the level density, once the transmission coef-
ficients are fixed. IA: there is another investigation to be
done here. When fixing the channel-coupling parameter
ω, there are two choices, as T is a function of ω2. For
the GOE, both lead to the same result, but this does
not sem to be the case for other ensembles, at least away
from E = 0. This ties into the larger point that the cou-
pling matrices cannot be chosen arbitrarily, except for
the GOE. This means the WFCF might most generally
depend on T , M , which is defined close to Eq. 12, and
the diagonal coupling matrix.

In contrast, the elastic enhancement factor is signifi-
cantly a!ected by both the statistics of the matrix ele-
ments of the Hamiltonian as well as it’s structure. Taking
a 325⌐325 dimensional shell model Hamiltonian describ-
ing 24Mg with J = 0, T = 0, we construct distributions for
the diagonal and non-diagonal matrix elements. These
distributions are then sampled to generate an ensem-
ble of 100 ⌐ 100 dimensional Hamiltonian matrices, de-
noted by the name SM statistics. We also considered the
case where the locations of the zero matrix elements are
fixed and the rest are randomly sampled from the afore-
mentioned distributions. This ensemble, which preserves
some of the structure of the shell model Hamiltonian, is
labeled as SM structure.

In Fig. 3 we show the elastic enhancement factor for
two di!erent coupling matrices,

Waµ =

⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌜⌝

ω1 0 0 ... 0 ... 0

0 ω2 0 ... 0 ... 0
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and ⌝W = OW , where, as before, O represents the eigen-
vectors of a random member of the GOE. As expected,
the GOE is independent of the coupling matrices, as are
the Semi and Semi-Degen ensembles. This is a conse-

quence of the fact that all three ensembles are orthogo-
nally invariant. On the other hand, both shell model re-
sults are greatly e!ected, especially in the limit of strong
absorption.

The key question now becomes, what are the realis-
tic couplings of the external channels to the compound
states? Is the coupling matrix diagonal, which preserves
the form of the shell model inspired Hamiltonians? This
is unlikely, as physical observables have to be basis in-
dependent. Are the couplings completely random, which
most aligns with the spirit of Bohr’s hypothesis? This
is certainly a possibility, and if it is indeed the case, we
would recover the results of the GOE. However, this is
also unlikely, as the implication is that compound reac-
tions are completely insensitive to important information
contained in the nuclear Hamiltonian, such as pairing
correlations. It is our belief, that the most correct cou-
pling will be more specialized, and depend strongly on
the external channels of interest, their energies, angular
momenta, parities, and the specific compound nucleus.

In an attempt to gain further insight we perform the
following transformation on the coupling matrices,

⌝W = RW ,

R = e”A,
(11)

where A is a random anti-symmetric matrix with non-
diagonal elements chosen in the same manner as for
GOE matrices. This transformation smoothly transitions
the coupling matrices from completely diagonal to com-
pletely random, as ! varies from 0 to 1.5. The degree of
randomness can be characterized by the Shannon infor-
mation entropy of the matrix M = V R, where V repre-
sents the eigenvectors of the Hamiltonian,

S(i)e = −2 N⩀
i,j=1
⌞M (i)

ij ⌞2log(⌞M (i)
ij ⌞). (12)

This is defined separately for each matrix of the ensemble
and then averaged. The ensemble average of S(i)e will be
denoted by Se and refered to as the average entropy.

In Fig. 4 we observe that as the average entropy in-
creases, corresponding to greater mixing between states,

The structure of  the Hamiltonian is not enough 
to determine the effects of  microscopic 
information of  Hauser Feshbach theory. Both 
the compound Hamiltonian and channel – state 
couplings must be chosen consistently.



Aside: Pure HF Theory
• Hamiltonian:

• Physical interpretation:
• High temperature compound
• Pure pairing Hamiltonian

• Maximizes local entropy
• Cannot be realized in all dimensions
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TABLE II. The WFCF is shown for various random ensembles, with Nsamples = 1,000,000. Waa⌐ refers to the non-diagonal
elements of the WFCF for channels with degenerate transmission coe!cients.

Distribution Ta Tb !a Waa Waa⌐ Wab Wbb

Semi 0.1 0.9 1 3.96 – 0.68 1.04
Gauss 0.1 0.9 1 3.96 – 0.67 1.04

Lorentz 0.1 0.9 1 3.92 – 0.67 1.04
Semi-Degen 0.1 0.9 1 3.80 – 0.68 1.04
Gauss-Degen 0.1 0.9 1 3.80 – 0.68 1.04

Lorentz-Degen 0.1 0.9 1 3.77 – 0.68 1.04
Semi 0.1 0.9 9 2.72 1.07 0.74 1.27
Gauss 0.1 0.9 9 2.71 1.06 0.74 1.28

Lorentz 0.1 0.9 9 2.76 1.08 0.73 1.27
Semi-Degen 0.1 0.9 9 2.78 1.09 0.73 1.25
Gauss-Degen 0.1 0.9 9 2.78 1.09 0.73 1.26

Lorentz-Degen 0.1 0.9 9 2.74 1.08 0.73 1.27
Semi 0.9 0.1 9 2.04 0.87 0.98 2.79
Gauss 0.9 0.1 9 2.04 0.87 0.98 2.79

Lorentz 0.9 0.1 9 2.05 0.87 0.98 2.84
Semi-Degen 0.9 0.1 9 2.01 0.87 0.98 2.81
Gauss-Degen 0.9 0.1 9 2.02 0.87 0.98 2.81

Lorentz-Degen 0.9 0.1 9 2.03 0.87 0.98 2.86

the elastic enhancement factor decreases. Surprisingly,
even at fairly large values of the entropy, for example
at ! = 1.0, we observe a discernible di!erence between
the Shell model and GOE results. The result is even
more pronounced at larger channel multiplicities. We
also notice, even if the average entropy of the coupling
matrices and of the Hamiltonian matrices of two di!er-
ent ensembles are equivalent, this does not guarantee the
average entropy of the scattering matrices will be. Note,
the entropy discussed here should not be confused with
the entropy of the ensemble, which requires a metric to
properly define.

We mention this because, although the GOE is the
ensemble that maximizes the Shannon information en-
tropy for time-reversal invariant Hamiltonians, it is not
the ensemble which maximizes the average entropy of the
constituent matrices. Instead, this is achieved by the en-
semble defined by the construction,

H =HT
HadEHHad, (13)

where E, as before, is a diagonal matrix, and HHad is the
Hadamard matrix. The Hadamard matrix is given by,

HHad = ⌜1 1

1 ⌐1⌜ , (14)

in 2 dimensions,

HHad =
⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝

1 1 1 1

1 ⌐1 1 ⌐1
1 1 ⌐1 ⌐1
1 ⌐1 ⌐1 1

⌝⌝⌝⌝⌝⌝⌝⌝⌝⌞
, (15)

in 4 dimensions, and so forth. The Hadamard matrix
corresponds to a maximally mixed system. It’s eigen-
vectors reach the maximum possible average entropy for
an orthogonal square matrix of order N , Se = ⌐N logN .
Physically, this makes sense since the Hadamard matrix
guarantees the greatest amount of mixing between com-
pound states. Of course, this ensemble is not orthogo-
nally invariant, and hence only realizes maximum aver-
age entropy in a given basis. Furthermore, this ensemble
cannot be realized in every dimension, as the Hadamard
matrix does not exist for all dimensions, for example,
N = 3. In fact, the Hadamard is only proven to exist for
N = 2k, and is conjectured to exist for N = 4k, where
k is an integer, with the later being an open problem
in mathematics [29]. If we consider Hermitian Hamil-
tonians, instead of the more restrictive real-symmetric
Hamiltonians, it is likely we can find a maximally mixed
system in all dimensions, although this remains yet to be
proven.

What is most interesting about this ensemble is that it
reproduces the pure HF result, specifically if the num-
ber of channels ” = 2k, where k is an integer. This
type of Hamiltonian corresponds to either an extremely
high temperature compound nucleus or compound nu-
cleus with only pairing interactions. To our knowledge,
this is the first demonstration of how pure HF theory
can be obtained within an explicit Hamiltonian repre-
sentation.

To explore this aspect further we applied the following
orthogonal transformation to the coupling matrices,
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TABLE II. The WFCF is shown for various random ensembles, with Nsamples = 1,000,000. Waa⌐ refers to the non-diagonal
elements of the WFCF for channels with degenerate transmission coe!cients.

Distribution Ta Tb !a Waa Waa⌐ Wab Wbb

Semi 0.1 0.9 1 3.96 – 0.68 1.04
Gauss 0.1 0.9 1 3.96 – 0.67 1.04

Lorentz 0.1 0.9 1 3.92 – 0.67 1.04
Semi-Degen 0.1 0.9 1 3.80 – 0.68 1.04
Gauss-Degen 0.1 0.9 1 3.80 – 0.68 1.04

Lorentz-Degen 0.1 0.9 1 3.77 – 0.68 1.04
Semi 0.1 0.9 9 2.72 1.07 0.74 1.27
Gauss 0.1 0.9 9 2.71 1.06 0.74 1.28

Lorentz 0.1 0.9 9 2.76 1.08 0.73 1.27
Semi-Degen 0.1 0.9 9 2.78 1.09 0.73 1.25
Gauss-Degen 0.1 0.9 9 2.78 1.09 0.73 1.26

Lorentz-Degen 0.1 0.9 9 2.74 1.08 0.73 1.27
Semi 0.9 0.1 9 2.04 0.87 0.98 2.79
Gauss 0.9 0.1 9 2.04 0.87 0.98 2.79

Lorentz 0.9 0.1 9 2.05 0.87 0.98 2.84
Semi-Degen 0.9 0.1 9 2.01 0.87 0.98 2.81
Gauss-Degen 0.9 0.1 9 2.02 0.87 0.98 2.81

Lorentz-Degen 0.9 0.1 9 2.03 0.87 0.98 2.86

the elastic enhancement factor decreases. Surprisingly,
even at fairly large values of the entropy, for example
at ! = 1.0, we observe a discernible di!erence between
the Shell model and GOE results. The result is even
more pronounced at larger channel multiplicities. We
also notice, even if the average entropy of the coupling
matrices and of the Hamiltonian matrices of two di!er-
ent ensembles are equivalent, this does not guarantee the
average entropy of the scattering matrices will be. Note,
the entropy discussed here should not be confused with
the entropy of the ensemble, which requires a metric to
properly define.

We mention this because, although the GOE is the
ensemble that maximizes the Shannon information en-
tropy for time-reversal invariant Hamiltonians, it is not
the ensemble which maximizes the average entropy of the
constituent matrices. Instead, this is achieved by the en-
semble defined by the construction,

H =HT
HadEHHad, (13)

where E, as before, is a diagonal matrix, and HHad is the
Hadamard matrix. The Hadamard matrix is given by,

HHad = ⌜1 1

1 ⌐1⌜ , (14)

in 2 dimensions,

HHad =
⌝⌝⌝⌝⌝⌝⌝⌝⌝⌝

1 1 1 1

1 ⌐1 1 ⌐1
1 1 ⌐1 ⌐1
1 ⌐1 ⌐1 1

⌝⌝⌝⌝⌝⌝⌝⌝⌝⌞
, (15)

in 4 dimensions, and so forth. The Hadamard matrix
corresponds to a maximally mixed system. It’s eigen-
vectors reach the maximum possible average entropy for
an orthogonal square matrix of order N , Se = ⌐N logN .
Physically, this makes sense since the Hadamard matrix
guarantees the greatest amount of mixing between com-
pound states. Of course, this ensemble is not orthogo-
nally invariant, and hence only realizes maximum aver-
age entropy in a given basis. Furthermore, this ensemble
cannot be realized in every dimension, as the Hadamard
matrix does not exist for all dimensions, for example,
N = 3. In fact, the Hadamard is only proven to exist for
N = 2k, and is conjectured to exist for N = 4k, where
k is an integer, with the later being an open problem
in mathematics [29]. If we consider Hermitian Hamil-
tonians, instead of the more restrictive real-symmetric
Hamiltonians, it is likely we can find a maximally mixed
system in all dimensions, although this remains yet to be
proven.

What is most interesting about this ensemble is that it
reproduces the pure HF result, specifically if the num-
ber of channels ” = 2k, where k is an integer. This
type of Hamiltonian corresponds to either an extremely
high temperature compound nucleus or compound nu-
cleus with only pairing interactions. To our knowledge,
this is the first demonstration of how pure HF theory
can be obtained within an explicit Hamiltonian repre-
sentation.

To explore this aspect further we applied the following
orthogonal transformation to the coupling matrices,



Part 1b: Unified Approach to Nuclear 
Reactions and Structure



Motivation
• Nuclear structure and reactions (typically segregated):

1. Methods
2. Fields
3. Practitioners

• Unification is a hot topic recently:
Microscopic optical potentials (not the focus here)

• Help investigate validity of  GOE in HF theory (and other 
investigations)
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Building a Microscopic Framework in a More 
Rigorous Manner
• Method suggested in 60s:

1. C. Mahaux and H. A. Weidenmuller, “Shell Model 
Approach to Nuclear Reactions” (1969)

2. Unified approach for structure and reactions
3. Modern computing makes problem 

computationally feasible
• Similar to previous S matrix: 

• Method includes shift function
• Method is agnostic to microscopic model
• Currently no direct channel – channel 

coupling
Spectroscopic 
Amplitude

Single particle 
partial width

S Matrix

Resonance Width



• Contains structure information
• Obtained from Nuclear Shell Model 

Also works for other microscopic methods

• Details:
1. Program: NuShellX 
2. Valence space shell model
3. spsdpf  model space
4. 1 hbar omega cross shell excitations

Spectroscopic Amplitudes



Single Particle Quantities 
and R Matrix Theory
• Reference: P. Descouvemont and D. Baye 

2010 Rep. Prog. Phys. 73 036301 (2010)
• Shell Model contains incorrect asymptotic 

behavior
 Harmonic oscillator basis

• Resonant widths extracted from adjustable 
Wood-Saxon

• Bound states influence shift function 
1. Exact treatment still unclear
2. Should depend on asymptotic renormalization 

coefficients (ANCs)

• Important check: no channel radius 
dependence



Cross Sections

• Experimental observable
• Cross section from S matrix:

• Can obtain differential cross sections as well

Partial contributions 
to cross section



• Outlook:
1. Finish treatment of  neutron channels
2. Improve treatment of  single particle 

quantities
3. Include proton, gamma, alpha, and 

other channels (fission might be too 
difficult)

4. Investigate more systems
5. Investigate more microscopic models

• Confront results with experiment

Much Work Remains

Source: M. Heil, el al, Phys. Rev. C 90, 045804 (2014)



Part 2: Nuclear Fission within Time-
Dependent Density Functional Theory





















• Initial weights are currently absent in 
dynamical methods 
• Consider different fission modes (from 

outer saddle):
1. Asymmetric (typical)
2. Near-symmetric or exactly symmetric
3. Highly-asymmetric

• Major question: why does TKE decrease 
as a function of  the initial excitation 
energy of  the compound nucleus?
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Source: Manuscript in preparation.
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FIG. 4. Slices of the neutron and proton number densities for 236U are shown at fixed separation distances, dsep = zRcm ⌐ zLcm,
where zL⌜Rcm is the center of mass of the system in the left and right volumes respectively, which are separated by a blue line
that indicates the position of the neck rupture. The neutron densities are shown with dashed lines and the proton densities are
shown with solid lines, both at values of 0.5 fm⌐3. For each panel the top density configuration is taken at the outer saddle, and
every subsequent density is shown at fixed separation distances ranging from 15 fm to 29 fm in 2 fm increments. In the upper
left two panels asymmetric fission modes are shown, in the upper right two panels near-symmetric fission modes are shown,
and in the bottom four panels highly-asymmetric fission modes are shown.

This is consistent with the small spread in the final FF
charges and masses for these modes, which are listed in
Table. I. For highly-asymmetric fission, two possibilities
emerge: first, the kink at the outer saddle is fairly close
to the location of the neck rupture, shown in the bot-
tom left and right panels in Fig 4, second it can move
considerably for trajectories with long pre-scission necks,
shown in the bottom middle two panels in Fig 4. In ei-
ther scenario, the resulting FFs emerge with significantly
more asymmetric masses than the most likely FF config-
urations, see Table I. This means there is strong evidence

that the system at scission retains some memory of the
initial mass asymmetry (or equivalently octupole defor-
mation) of the compound at the outer saddle point for
all modes, and hence the neck rupture is not random.
In the present study fluctuations [13] are ignored, which
may alter this conclusion in the future.

Source: Manuscript in preparation.





• Bohr’s Hypothesis:
• No memory of  formation
• Dynamics are strongly dissipative

• Emergence of  period shape fluctuations in isomer well
• Probe of  strength of  fluctuations: Ratio of  symmetric to asymmetric 

fission

Dynamics Inside Ground State and Isomeric Wells

Source: Manuscript in Preparation.



Thank you for your time!
Any questions?


