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Nuclear Scattering and  Reactions

• Elastic scattering – (n, n),  (p, p),  ( ,), ...
• Inelastic Scattering -- (n, n),  (p, p),  ( ,), ...
• Knockout/emission – (n, 2n), (n, np), (p, pn), (p, 2p), ... 
• Stripping – (d, p), (d, n), (t, d), ...
• Pickup – (p, d), (n, d), (d, t), ...
• Charge exchange – (n,p), (p,n), (t,3He), (3He, t), ...
• Fission – (n,f), (p,f), (,f), ...

Depending on the incident energy and the combination of 
projectile and target, some or many of these reactions can 
occur in a nuclear collision.

They usually occur through two very different mechanisms 
– a fast, direct one and a slower, composite nucleus one.



  

Conservation laws

• Charge and nucleon number, Z and A  --   56Fe (p, n) 56Co

• Energy, E – 238U(n,n )238U* (Ex= 0.045 MeV)

• Linear momentum,     –  thresholds, recoil
• Angular momentum and parity,     and   --  

p


J


d d 

Conservation laws are important in determining the 
basic characteristics of nuclear reactions.

Parity  is not conserved in weak interactions, e.g. in  decay 
and electron conversion - but we will not consider these 
processes here.



  

Experimental Setup for Studying Scattering
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•Distance from accelerator to target and from target to detector on the 
order of a meter or more.

•Cross sectional area of beam A on the order of mm2.

•Target thickness t on the order of m or more.

•Beam intensity – n0  (particles/s) – varies greatly, from about 105 to 
1013

•In target, atomic dimension on the order of 10-10 m and nuclear 
dimension on the order of 10-15 m.



  

The Experimental Cross Section
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• A – cross sectional area of beam

• n0 – incident beam intensity

tar – target particle density

• t – target thickness 

• n(,)d -- particle intensity (part./s) entering detector of solid angle d

The differential cross section 
d

d




has the units of  area/solid angle.



  

Attenuation and the total cross section
Both elastic scattering and absorption remove particles from the incident 
beam. The sum of the two – the total cross section – determines how the 
beam is attenuated as it passes through the target.

z

n0 n(z)

From the definition of the cross 
section, we have in any dz
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The inverse of the product tartot 
defines the mean free path  of the 
projectile through the target.

1 tar tot  

For  hard scattering from U-like 
spheres, assuming a density close to 
that of  U, we have 
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Laboratory and Center-of-mass Coordinates
In order to properly treat the conservation of momentum and energy,  
scattering problems should be analyzed in the center-of-mass frame. 

The basic steps in the transformation to the center-of-mass frame and 
back to the lab one are shown below. 

mP, vPi mT mP, vP mT, vT

mP +mT, vCM

mP +mT, vCM

mT, vT’

mP, vP’mP, vPf

mT, vTf

to c.m.
scattering in c.m.

back to 
the lab

We will assume that we are using the center-of-mass frame.



  

Waves and particles

The wave-like nature of the scattering particles may be neglected only if their 
wavelength is much smaller than the length scale on which the scattering 
system varies. For nuclear scattering, the appropriate length scale would be at 
most the size of the nucleus and should probably be of the size of the nuclear 
surface – about 0.5 to 1.0 fm.

Comparing the wavelength of a nucleon to a typical nuclear radius, taken to be 
R = 1.25A1/3 (fm), we find that the wavelike nature must be taken into account 
over the entire energy range we will consider – up to about 100 MeV.



  

The quantum view of scattering
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Far from the scattering center, we 
take the scattering wave function 
to be the sum of a plane wave and 
a scattered outgoing spherical 
wave, 

The differential cross section is the 
squared magnitude of the scattering 
amplitude,

z



  

The partial-wave expansion

Neglecting spin, we use conservation of angular momentum to expand the 
wave function in partial waves of the orbital angular momentum,

The plane wave can be expanded as 

with

where

In analogy with the plane wave, we write



  

Cross sections

We obtain the elastic cross section by integrating over the differential one,

We calculate the absorption cross section by taking into account all of the 
flux entering and leaving the scattering region. Integrating the flux over a 
sphere whose radius tends to infinity, we have 

The total cross section takes into account all flux lost from the incident 
plane wave, either by scattering or absorption,



  

Low-energy neutron scattering

Because of the Coulomb barrier, only neutral particles can reach the 
nucleus in a low-energy scattering. At extremely low energies, the 
centripetal barrier keeps all but l=0 s-waves away from the nucleus. 

Let us examine hard-sphere scattering in the case of low-energy 
neutron scattering.

Scattering from the hard sphere requires 
that the wave-function vanish at the 
radius of the sphere. The s-wave wave 
function is then

The S-matrix element is 

The elastic cross section is 

rR

When k tends to 0, the elastic 
cross section tends to a constant,

This is 4 times the classical 
cross section.



  

Low-energy neutron scattering -- resonances

Although the neutron-nucleus interaction is attractive, its rapid variation at 
the nuclear surface has the same effect on low energy neutrons as a hard-
sphere does– the neutrons are reflected.  Absorption also usually occurs, so 
that the total cross section is larger than the elastic one. However, if both the 
elastic scattering and absorption are prompt processes, one would expect 
them to vary slowly with energy. Behavior of this type can be seen on the 
low energy side of the figure.

The cross section of the figure also 
possesses a rapidly varying resonant 
component, a feature common to all 
low-energy neutron-nucleus systems.

The resonant contribution arises from 
scattering  through a quasi-bound 
state (a compound nuclear state) of 
the neutron+nucleus. 



  

Direct and compound nuclear scattering
At low energies, neutron-nucleus scattering occurs either directly or 
through the quasi-bound compound nucleus states.

Direct scattering Compound nuclear scattering

20 22~ 10 10 st    12 20~ 10 10 st   

In a direct scattering, the incident neutron interacts with the average field of 
the nucleus. The duration of the collision is approximately the time it takes 
for the neutron to cross the nucleus.

In a compound nuclear scattering, the incident neutron loses energy upon 
colliding with the nucleus and is trapped. After a fairly long interval, enough 
energy is again concentrated on one particle to allow it to escape. 

E t  



  

Formalities - I 

To formally separate the direct and compound nucleus contributions, we 
assume that we can partition the space of states into two components:

   -- containing the continuum states, such as the n + 58Ni ones, and 

   -- containing the quasi-bound states, such as the ground and excited 
states of 59Ni (and any other states that we don’t want in   ). 

We define projection operators, P and Q, onto the subspaces with the 
properties

We then decompose the wave function into 

where        is the continuum component  and         the quasi-bound component 
of the wave function. 

 



  

Formalities - II
Using P and Q, we decompose the Schrödinger equation,                       
into coupled equations for the two components of the wave function,

and

where

and we have assumed that the contributions of the kinetic energy and 
the target Hamiltonian, both contained in H0, do not couple the      and   
   subspaces.
We can now solve the second equation formally, using an outgoing 
wave boundary condition, to obtain       , 

and substitute in the first of these to obtain an equation for P alone,

and which explicitly contains the direct and compound processes we expect.  

 



  

Formalities - III
However, it will be useful for us to follow a more convoluted path here. 
We first solve for the continuum component of the wave function         , 

where the wave function satisfies the equation

with an incoming wave in channel c. When the solution for         is 
substituted in the equation for         , the latter may be rewritten as

where

In the last expression, we may decompose the -subspace propagator as

where P.P. is the principal part. The open channels in the    subspace make 
a negative imaginary contribution to WQQ, leading to poles of the the wave 
function in the lower half of the complex energy plane.

  

  



  

Low-energy neutron scattering -- resonances

We can now write the    subspace wave function as,

We apply this to s-wave neutron scattering, for which,

outside the range of the interaction. (We continue to neglect the spin of the 
neutron.)

After a bit of work, we can approximate the S-matrix of the    subspace 
wave function in a multi-level Breit-Wigner form (among others) as

where    and       are the initial and final channel phase shifts. The decay 
amplitudes        characterize the coupling of the compound state    to the 
continuum channel c, with 

The phase shifts vary slowly with the energy while the resonance sum 
varies quickly.

 



  

Low-energy neutron scattering – cross sections

The absorption cross section is non-zero when non-elastic channels, 
such as   emission or fission, remove flux from the compound 
nucleus. The cross sections for these take the form

The cross sections directly related to the elastic S-matrix element are 
the elastic, absorption and total ones, 

and

The total flux is conserved, so that

The elastic cross section is well described at energies below the 
resonance region by a hard-sphere cross section of         .

and



  

Comparison with experiment -- n+235U

100

10

These experimental data for the total, fission and neutron capture cross 
sections are well described by the superposition of scattering from a 
potential and reactions through compound nucleus resonances.

The large number of resonances permits a statistical analysis of their 
properties. 

(Larson)



  

Level statistics

A statistical analysis shows that the reduced neutron partial widths,
and the level spacings,                           , in each partial wave, are distributed as 
   

and

            Porter-Thomas                                                      Wigner 
These results are consistent with the hypothesis that the matrix elements of  VPQ, 
VQP and VQQ are random variables with Gaussian distributions -- 

s

   



  

From resonances to fluctuations

 At low energies, the resonance expression for the S-matrix permits the 
separation of the direct and compound contributions to cross sections.         
 As  the energy increases, both the resonance widths and the density of 
compound nucleus states increase, so that the resonances eventually 
overlap and can no longer be distinguished.                                                   
 The cross section fluctuates rapidly, but the fluctuations, called Ericson 
fluctuations, cannot be attributed to individual resonances.

 The optical model plays a 
fundamental role in this context. 
 The objective of the model is to 
describe just the prompt, direct 
reactions in a collision.               
 To this end, one defines the 
optical potential as the potential 
that furnishes the energy-
averaged (short time) scattering 
amplitudes.



  

Average amplitudes and cross sections

An energy average of the wave function furnishes a wave function and a 
scattering  amplitude that should describe the prompt part of the scattering. 
The S-matrix that results is an energy-averaged one.                                 
We could write the S-matrix before averaging as 

, ,, 0with so tha .t,l l l fluc l fluc l lS S S S   S S

The energy-averaged total cross-section is just the optical one,

   , 2 2

2 2
1 Re 1 Re ,tot l l lS

k k

 
    S

since it is linear in the S-matrix.

However, the energy-averaged elastic and absorption cross sections are

22 2

, ,2 2 2
1 1el l l l l flucS S

k k k

  
     S

 
22 2

, ,2 2 2
1 1 .abs l l l l flucS S

k k k

  
     S

and

Only the total optical cross section may be compared with the 
experimental one.



  

Neutron scattering

n + 238U

n + 238UThe angular distribution for a pure s-
wave is obviously constant. As the 
energy increases, more partial waves 
participate in the scattering and the 
angular distribution becomes more 
forward peaked.  

An important auxiliary quantity 
determined in an optical model 
calculation is the transmission 
coefficient,                       which is used 
to calculate the fluctuating contribution 
to the cross sections. The transmission 
coefficient measures the fraction of flux 
that is absorbed from each partial wave.

2
1 ,l lT S 

The highest partial wave 
contributing to the scattering may be 
crudely estimated as                  . For 
n+238U at an energy of 1 MeV, this 
gives                   .



  

The Coulomb barrier for charged particles

The Coulomb + nuclear potential forms 
a barrier to charged particles that 
reaches its maximum just outside the 
nucleus. At relative energies below the 
Coulomb barrier or at distances of 
closest approach greater than the barrier 
position, the scattering is almost purely 
point-like Coulomb scattering. 

We can estimate the barrier position as
1/ 31.25 2.0 (fm)BR A 

and its height as 

2

(MeV).P T
B

B

Z Z e
V

R


The barrier height VB for protons is 
shown at the right.



  

Proton scattering

p + 58Ni

p + 58Ni
The angular distribution for 
proton scattering on 58Ni at 1 MeV 
is a pure Coulomb one. Even at 4 
MeV, the difference from the pure 
Coulomb angular distribution 
appears small. At 10 MeV, 
substantial deviations have 
appeared.

Nuclear effects are more easily 
distinguished in the transmission 
coefficients. They support the 
observation that the scattering is 
purely Coulomb at 1 MeV. 
However, at 4 MeV, 40% of the s-
wave and about 10% of the p- and 
d-wave have been absorbed. 
Angular momenta through l=4 
contribute at 10 MeV. 



  

Comparison with 
experiment
Being linear in the scattering 
amplitude, the total optical cross 
section may be compare to the energy-
averaged experimental one. 
Reasonable agreement with the data is 
possible here.

The partial wave contributions to the 
energy-averaged elastic cross section, 

,

22

, 2 2
1

l fluc

j j j
l el lS S

k k

 
   

exceed the shape elastic (optical) ones 
due to contributions from fluctuations. 
The fluctuation contributions are 
negligible only at higher energies.



  

Inelastic scattering
The single-channel optical model describes the scattering in the elastic 
channel alone. It is often called the spherical optical model because the 
target may be considered to be spherically symmetric, since its structure is 
never introduced.

Inelastic scattering, in the case of the inert projectiles that we are 
considering (n, p,    , d, etc.), leaves the target in an excited state and 
reduces the asymptotic kinetic energy of the projectile. To describe it, we 
must introduce  at least the basic characteristics of the ground and excited 
states of the target. The states that are most strongly excited in collisions 
are those that involve collective movement. 

Direct excitation of rotational and vibrational modes is usually calculated 
using the coupled channels method. This is an extension of the optical 
model formalism that treats the ground and excited states on an equal 
footing. 

Vibrations: Rotations:



  

Comparison with 
experiment
Inelastic cross sections are dominated 
by the contribution from the 
compound nucleus at low energies, as 
seen here for the first excited states of 
58Ni and 238U.

The two calculations of the 58Ni 
inelastic cross  section use the same 
value of         , yet yield cross 
sections that differ by almost a factor 
of two due to differences in the optical 
potentials.

The cross section for excitation of the 
rotational state in 238U is 5 to 10 times 
greater than that of the vibrational state 
in 58Ni, mainly due to the factor of 30 
difference in their excitation energies.



  

Weakly excited states 
-- the DWBA

In general, the DWBA overestimates 
the inelastic cross section, since it 
does not take into account transitions 
back to the ground state.

In the case of  a rotational band, we 
note that  transitions to other states 
can also be important.

A target nucleus usually possesses many
other discrete states that can be  weakly 
excited by a direct reaction. Their cross
sections can be well approximated by the
overlap of the interaction with the initial
 and final wave functions.



  

The compound nucleus  – energy averaging      

We decomposed the S-matrix in channel a and partial wave l, before 
averaging over energy,  as

, ,with so, 0, t a .h tal al al fluc al fluc al alS S S S   S S

22 2

, ,2 2 2
1 1 .aa l al al al flucS S

k k k

  
     S

The elastic cross section that resulted is the sum of an optical contribution  
and a compound nucleus one, 

If we neglect direct coupling between channels, the cross section for a 
reaction from channel a to channel b will consist of just the compound 
nucleus contribution,

*
, , ,2

.ab l bl fluc al flucS S
k


 

The compound nucleus cross sections can be calculated, if we substitute 
the energy average by an average over the random interaction matrix 
elements used to construct the resonance sum. (Weidenmüller et al.)



  

The Bohr hypothesis

The average cross section has the form

,
C

C b
ab ab a C

w 





where       is the cross section for 
compound nucleus formation from 
channel a,       is the partial width for 
decaying into channel b, with the total 
width being

C
a

C
b

.C C
b

b

  

The width fluctuation factor wab varies 
between 2 and 3 for the elastic channel. 
For other channels, it is close to one, 
except at very low energies. If we neglect 
it here, we satisfy the Bohr hypothesis, 
which states that the formation and decay 
of the compound nucleus are independent 
processes. This was tested experimentally 
by Goshal in 1950.

64Zn

60Ni

63Cu
(Satchler)



  

The Bohr hypothesis and reciprocity

Using the Bohr hypothesis, we can write the  cross sections        and          
through the same compound nucleus as

C
C b

ab a C
 






ab
ba

.
C

C a
ba b C

 





and

Reciprocity (time reversal invariance) states that the two are equal up to a 
factor of the density of final states. Neglecting spin, this means that

2 2
ab ba

b ak k

 


Combining the two, we can take                   If we include spin and use the 
spherical optical model (no target spin), we have 

2 .C C
b b bk  

2(2 1) .C C
b b b bs k   

In the Weisskopf-Ewing model, which neglects angular momentum 
conservation, we have 2

,(2 1) ( ).C
b b b b abs bs k    

In the Hauser-Feshbach model, which takes angular momentum 
conservation into account, we have for each partial wave,                       
where the sum is restricted so as to conserve angular momentum and 
parity.        

( ),C
bJ l b

l

T  



  

Angular distributions

J


Due to the independence of the 
formation and decay of the 
compound nucleus, the decaying 
nucleus does not ‘remember’ the 
direction of the incident projectile. It 
does ‘remember’ the conserved 
angular momentum, however. If the 
angular momentum is zero, the 
decay is isotropic. Otherwise, it 
tends to be restricted to the reaction 
plane. The angular distribution is 
always symmetric about 90.  

ik


fk


(Lefort)



  

Level densities and emission spectra
In  regions of unresolved levels,

2( ) (2 1) ( ) ( ).C C
b b b b b b b bs k N     

with

( )
( )

C
C b b

ab b a C


  






( ) ( ) .b b b b bN E B      

(Huizenga e Moretto) (Vonach)



  

Excitation function of a level 

n+110Pdn+110Pd*(Ex=0.374 MeV,2+)

2( ) (2 1) ( ) ( )C C
b b b b b b b bs k N     

For a single level or a group of levels, we have

and
( )

( ) .
C

C b b
ab b a C


  






The cross section just above 
threshold increases with the 
available energy, quickly in the 
case of neutrons, but more slowly 
in the case of charged particles.

However, the number of levels 
contributing to the total width C 
increases exponentially with the 
energy, in accord with the density 
of states. The compound nucleus 
cross section for the level(s) thus 
reaches a maximum and then falls 
back to zero exponentially.

(Koning)



  

Competition
All open channels compete for 
emission from the compound 
nucleus. However,  emission is a 
much weaker (much slower) 
process than particle emission. 
Charged particle emission is 
suppressed relative to neutron 
emission because of the Coulomb 
barrier.

At sufficiently high energies, a 
compound nucleus can emit more 
than one particle. This is treated as 
sequential emission and can be 
incorporated in the model by 
keeping track of the distribution of 
residual nuclei. Calculations at high 
energy can be lengthy, due to the 
many open channels.

Multiple emission



  

Preequilibrium emission

Compound nucleus models assume that the nucleus reaches equilibrium  (all 
states are equally probable) before emission occurs. Physically, the 
equilibration process proceeds through a series of nucleon-nucleon 
reactions. As the incident energy increases, it becomes more and more likely 
that one of the nucleons still retains a large fraction of the incident energy 
after the first one or two collisions, which favors its emission from a 
preequilibrium configuration.



  (Cline and Blann)

- Nucleons occupy single-particle states ;

- The Fermi energy is between the last 
occupied and first unoccupied level of the 
target ground state;

- Particles are nucleons above the Fermi 
energy and holes are unoccupied states 
below it. Both are called excitons;

- The hole at the Fermi energy 
corresponding to the incident particle is not 
taken into account.

The space of states is decomposed as

Semiclassical exciton / hybrid models

Emission can occur from the fraction of 
states with particles in the continuum.



  

Quantum mechanical models separate the 
energy spectrum of a particle into a continuum 
component P and a bound state component Q, 

 

Quantum mechanical multistep models

The continuum component can be forward 
peaked but the bound state component must be 
symmetric about 90o. (Cline and Blann)

Transitions can occur between any two 
configurations that differ by at most two in 
exciton number.

The differential multistep direct cross 
section is written as an incoherent sum of 
one-step and multistep terms,



  

Preequilibrium contribution

(Koning and Chadwick)

One-step emission processes dominates 
the angular distribution at forward angles 
and low excitation energies, while higher 
order processes become more important 
at backward angles and at larger energies 
and excitation energies.

Compound and multistep compound 
reactions make an important contribution 
to particle spectra to energies up to about 
15 MeV. At higher outgoing energies, 
collective excitations and multistep direct 
processes dominate nucleon-induced 
reactions.

 This is consistent with the idea of the 
gradual slowing down of the incident 
nucleon through multiple nucleon-
nucleon collisions.

(Herman)



  

Open-source Software

EMPIRE3

 - www-nds.iaea.org/empire

 - M. Herman et al., NDS 108 
(2007) 2655.

 - Uses RIPL to facilitate input;

 - Uses ECIS (J. Raynal) or 
OPTMOD code for optical model 
and coupled channel calculations;

- Exciton model, quantum 
mechanical multistep model or 
Monte Carlo cascade model for 
preequilibrium

- Standard CN and several fission 
models;

- Prepares ENDF file from output.

TALYS

 - www-nds.iaea.org/talys

 - A.J. Koning et al., NDS 113 
(2012) 2841.

- Uses RIPL to facilitate input;

 - Uses ECIS (J. Raynal) code for 
optical model and coupled 
channel calculations;

- Multiple emission exciton model 
for preequilibrium

- Standard CN and several fission 
models;

- Prepares ENDF file from output.

  (RIPL: www-nds.iaea.org/RIPL)
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