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Phenomenological 
R-matrix: What’s it used for?

 A reaction theory that can describe 
resonant cross sections

 Neutron induced reactions on a 
wide range of nuclei
 ENDF/B data evaluations

 Interpolation

 Charged particle reactions
 Light nuclei

 Nuclear Astrophysics

 Evaluation and extrapolation

12C(α,γ)16O

ENDF/B –VIII.0



Joint Institute for Nuclear 
Astrophysics (JINA) R-matrix code 
AZURE2

 Original AZURE code developed by Dick Azuma

 Azuma et al., PRC 81, 045805 (2010)

 Open source R-matrix code for charged particle induced 
reactions

 Capture reactions (A+x  B+γ)

 AZURE2 developed by Ethan Uberseder

 azure.nd.edu



A quick review of some other codes and 
their application
 Energy Dependent Analysis (EDA)

 Los Alamos

 Gerry Hale and Mark Paris

 Used to determine the evaluated cross sections of light element reactions in the resolved 
resonance region for ENDF/B

 SAMMY

 Oak Ridge

 Primarily used for neutron total cross section and (n,γ) analysis

 ENDF/B evaluation of heavier systems

 Goran Arbanas and Parco Pigni

 Conrad

 CEA

 Neutron induced reactions

 Pierre Tamagno and Pascal Archier

 DREAM

 Pierre Descovemont

 Nuclear astrophysics



What are our fit parameters?

 Number of levels (of a Jπ)

 Level Energies

 Partial Widths

 Asymptotic Normalization Coefficients

 Common mode systematic uncertainties of data sets

One Level Approximation
Very similar to the classic Breit Wigner function



Physical constraints of R-matrix theory
 Reaction probability flux is conserved

 Unitarity of the S-matrix

 partial cross sections must equal total cross section

 Time reversal symmetry
 Symmetric S-matrix

 Multiple entrance channel data

 A+x  B+y = B+y A+x

 Very useful in practice, as experiments with different types of 
entrance particle pairs often have very different sources of 
uncertainties

 Causality

 Coulomb scattering
 The scattering cross section is very well defined at “low 

energies”

 Common method used to normalize many types of data

Lane and Thomas, Reviews of Modern 
Physics, 30 257 (1958)



Uncertainty estimation

 Its been a difficult problem for a long 
time

 Lots of misinformation (or confusion)

 ∆χ2 methods

 Monte Carlo experimental data, refit

 Bayesian MCMC routines



What do we really want?

 Uncertainty on the cross section

 Astrophysical reaction rate

 Thick target yields

 A more statistically rigorous uncertainty

 The underlying probability density function

 The covariance (or correlation) matrix

Daniel Odell



What’s the hold up?

 All of these things are calculable, but…

 Programs to do these calculations are time consuming to implement

 Computational limitations

 Modern programming packages
 Python

 R

 Ever increasing computational power



Bayesian R-matrix Inference Code Kit 
(BRICK)

 emcee

 MIT MCMC Ensemble sampler

 Python

 AZURE2

 JINA developed R-matrix code

 C++

 BRICK

 Interface code

 Python

Daniel Odell



Let’s look at some examples

 12C(p,γ)13N & 12C(p,p)12C

 13C(α,n)16O & 16O(n,total)

 23Na(p,γ)24Mg & 23Na(p,p)

 19F(p,p) & 19F(p,α)

 10B(p,α)7Be & 10B(p,p)



12C(p,γ)13N



13C(α,n)16O

Background levels are needed, but it can be hard to determine which are most needed.
MCMC analysis makes this very clear!



A comment on priors
 In R-matrix, the fit parameters correspond, 

approximately, to Breit-Wigner energies and 
partial widths

 One could take values and uncertainties for 
these level parameters from the compilation 
to further constrain the fit

 However, this is a bit tricky.

 BW parameters and R-matrix observed 
parameters may still not really be the same 
thing to with in the uncertainty of the data

 Could easily double count. The data being fit 
may be some of the data used by the 
compilation to obtain their values

 Therefore, we usually use uniform priors 
and just let the data that is being fit provide 
all the constraints

EXFOR data base



A comment on priors

 Threshold levels or levels at lower energy 
than the data require special treatment

 Their level properties are often determined 
using other types of indirect studies

 Very commonly, transfer reactions provide 
Asymptotic Normalization Coefficients for 
these states

 Complete details about the uncertainty are 
usually not provided, so a Gaussian pdf is 
assumed

Avila et al. 
(2015)



Getting to know 
your parameters

 Can often be a rough start

 Really helps to identify strong 
correlations

 Can easily see completely 
unnecessary parameters when the 
calculation returns the prior



Have to get to know 
your parameters

 Makes it visually really easy to 
tell when you’ve got it “right”

 Well defined posterior 
distributions

 Not a lot of scatter over larger 
ranges of parameter space

Posterior 
distribution for 
the cross section 
at low energy



23Na(p,γ)24Mg

ANC(G.S.) < 51.5 fm-1/2

ANC(1st) < 17.6 fm-1/2

ANC(3rd) < 17.4 fm-1/2



19F(p,α)16O Estimate confidence 
in the discovery of a 
new resonance

2.5σ



10B+p

 Application to a more complex fit

 11 levels, 21 partial widths, 10 data sets 
(normalization factors)

 Still a fairly small calculation

 A month to reach convergence

 Only a subset of the available “world 
data”



Long term goals: 12C(α,γ)16O & 
13C(α,n)16O

 Working towards large calculations

 Large data sets (>30 data sets, >10,000 points)

 Experimental Effect corrections

 Custom versions of AZURE2

12C(α,γ)16O

2017 calculation using data variation 
Monte Carlo



Multiple solutions

 emcee doesn’t seem to be so good at finding alternative fit solutions

 This likely has to do with the way that the interference sign of the fit 
parameters

 It is possible for a fit parameter with a positive value to have a negative value 
solution that gives a similar log likelihood.

 High correlations between different parameters

 Likely have to try to find these different solutions “by hand” and then run the 
MCMC calculation for each one



Summary

 Bayesian MCMC algorithms are powerful tools for obtaining a more detailed 
understanding of uncertainty propagation in phenomenological R-matrix

 Helps to easily identify unnecessary or redundant fit parameters

 Exploration of the constraints from more fundamental physical principles constraints 
implemented automatically in R-matrix can lead to resolutions between discrepant 
experimental measurements

 Implementation of prior uncertainty information can lead to improved extrapolations to 
experimentally inaccessible regions

 Have to remain mindful that our MCMC uncertainty analysis may be heavily dependent 
on the reaction components that we choose to include in the R-matrix fit. Model 
uncertainties are very significant!



BRICK collaborators

 Daniel Odell (Ohio University)

 Daniel Phillips (Ohio University)

 Carl Brune (Ohio University)


	Getting to Know MCMC Applied to Phenomenological R-matrix
	Phenomenological �R-matrix: What’s it used for?
	Joint Institute for Nuclear Astrophysics (JINA) R-matrix code AZURE2
	A quick review of some other codes and their application
	What are our fit parameters?
	Physical constraints of R-matrix theory
	Uncertainty estimation
	What do we really want?
	What’s the hold up?
	Bayesian R-matrix Inference Code Kit (BRICK)
	Let’s look at some examples
	12C(p,g)13N
	13C(a,n)16O
	A comment on priors
	A comment on priors
	Getting to know your parameters
	Have to get to know your parameters
	23Na(p,g)24Mg
	19F(p,a)16O
	10B+p
	Long term goals: 12C(a,g)16O & 13C(a,n)16O
	Multiple solutions
	Summary
	BRICK collaborators

