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Program
In order to fully exploit the information obtained from FRIB experimental results since its first day 
of operation, it is pressing to foster the development of reliable optical potentials to be used far 
from nuclear stability, beyond the reach of current standard implementations and to quantify the 
theoretical uncertainty associated to optical potentials. 

 The goal of the present program is to: 

• Review the existing strategies to derive optical potentials, and the underlying associated 
structure theory approaches. 

• Assess the reliability and ranges of validity of the different approaches, as a function of beam 
energies and mass numbers.  

• Make recommendations concerning the future developments, and provide a road map both 
for the derivation of the new generation of optical potentials and the associated uncertainty 
quantification.
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from nuclear stability, beyond the reach of current standard implementations and to quantify the 
theoretical uncertainty associated to optical potentials. 

 The goal of the present program is to: 

• Review the existing strategies to derive optical potentials, and the underlying associated 
structure theory approaches. 

• Assess the reliability and ranges of validity of the different approaches, as a function of beam 
energies and mass numbers.  

• Make recommendations concerning the future developments, and provide a road map both 
for the derivation of the new generation of optical potentials and the associated uncertainty 
quantification.

One overarching question that we would like to address in 
connection with each one of the different strategies to build 
optical potentials is the range of applicability in terms of 
energy and mass number, as well as the possible uncertainty 
quantification scheme. Whenever possible, please consider 
commenting on these topics in your contribution. 
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Outline

• Direct reactions --> transfer reactions 

• OP-parametrization usage in transfer reactions 

• What is the impact of the OMP uncertainty on the 
property we discuss -- example of occupancies and 
effective single-particle energies and what issues may 
there be 

• Quenching of single-particle strength at extremes in ΔS 

• Experimental prospects 

• Discussion

One overarching question 
that we would like to address 
in connection with each one 
of the different strategies to 
build optical potentials is the 
range of applicability in terms 
of energy and mass number, 
as well as the possible 
uncertainty quantification 
scheme. Whenever possible, 
please consider commenting 
on these topics in your 
contribution. 
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Direct, single-step, highly-selective, surface dominated reactions (in appropriately done ... )

Direct reactions

Cartoon courtesy of Peter Mueller, Argonne
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FIG. 1. E (2+
1 ) for the N = 28–40 isotopes of Ca, Ti, Cr, Fe, and

Ni [3–13].

Furthermore, the 54Fe(d, p) 55Fe reaction should be remea-
sured to investigate an anomalous result—the collapse of the
p3/2-p1/2 spin-orbit splitting—that appears in the extant re-
sults on this reaction.

II. EXPERIMENTAL DETAILS

A deuteron beam, produced by a SNICS (source of neg-
ative ions by cesium sputtering) with a deuterated titanium
cone, was accelerated to an energy of 16 MeV by the 9 MV
Super FN Tandem Van de Graaff Accelerator at the John D.
Fox Laboratory at Florida State University. The beam was
delivered to a 0.45 mg/cm2 Ti target enriched to 90% in 50Ti
that was mounted in the target chamber of the Super Enge
Split-Pole Spectrograph. The spectrograph was rotated from
scattering angles of 10! to 50! at increments of 5! to capture
angular distributions of protons from the 50Ti(d, p) 51Ti reac-
tion. Protons from the reaction were guided by magnetic fields
to the focal-plane detector consisting of an isobutane-filled
ion chamber with two proportional-counter anode wires at
positive potential running the length of the detector above a
Frisch grid. The Frisch grid allowed for cleaner timing and

spatial resolution. The anode signals measured the charge
each wire collected from the upward drift of the electron
cloud generated by interactions between protons and the gas.
A cathode at the bottom of the gas volume attracted the gas
ions. The anode signals were proportional to the energy loss
dE of the proton. Above the anodes were PC boards with
position pads connected over delay lines with a 5 ns delay
between each pad, which produced a time signal propor-
tional to position in the dispersive direction along the focal
plane, proportional to the proton momentum. A planar plastic
scintillator detector measured the total energy E deposited
by particles passing through the ion chamber. Protons were
separated from deuterons reaching the focal plane detector by
cuts on the E vs dE spectrum.

The only detectable contaminant in the target was 48Ti,
which is the titanium isotope with the greatest natural abun-
dance. A measurement of the 48Ti(d, p) 49Ti reaction was
performed with an enriched target at the same beam energy
(16 MeV) to allow the identification of contaminant peaks in
the 50Ti(d, p) 51Ti spectrum.

III. EXPERIMENTAL RESULTS

A representative proton magnetic rigidity spectrum col-
lected at a scattering angle of 25! is shown in Fig. 2. Peaks
are labeled according to the scheme used in Table I. We have
adopted the labels used in Ref. [14] for states 0–21. States
22–28 have been observed via the (d, p) reaction for the first
time in the present work. We used two-body kinematics and
the energies of states in 51Ti and 13C with energies known to
< 1 keV precision to perform a magnetic rigidity calibration
to determine proton momentum. The unlabeled peaks in Fig. 2
are from the 48Ti contaminant.

The magnetic rigidity spectrum measured at each scat-
tering angle was fit using a linear combination of Gaussian
functions with a quadratic background. The proton yields
corresponding to each state in 51Ti were used to produce the
measured proton angular distributions shown in Figs. 3–5. The
absolute cross sections were determined to be accurate to an
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2.1. Theory of (�,t) and (�,3He) reactions 40
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Figure 2.1: [Colour] Schematic illustration of the transfer process for the (�,t) reaction.

• The direct transfer of the proton from the bound state of the � particle into a

state bound to the target nucleus.

• The triton ion moving in the average field of the residual nucleus. Again this an

elastic scattering process using the optical model.

In the early days of transfer reactions, the incoming and outgoing waves were

modelled as plane waves [33, 34] and hence the use of the plane-wave Born approx-

imation. The deficiencies in this model were addressed by introducing the optical-

model potential which distorts the incoming and outgoing waves. This approach is

referred to as the distorted-wave Born approximation (DWBA).

Using the reaction presented in Figure 2.1 as an example, the total Hamiltonian

can be written as

Htotal = T�T + Tpt + Vpt + VpT + VtT

= TtR + TpT + Vpt + VpT + VtT

(2.4)

where T�T and Tpt are the relative kinetic energies of the � projectile and the target,

and of the proton and triton in the projectile bound state, systems respectively. Vpt

is the potential between the proton and the triton in the projectile bound state. The

notation is consistent and so the other terms have their respective meanings. The

equality of the two lines in Equation 2.4 is ensured by the conservation of energy.

The Hamiltonian for the initial state (see Figure 2.1) can be written in terms of the

unperturbed Hamiltonian, H0
i , plus an additional potential term responsible for the

a
A

b

B

A model, DWBA A(a,b)B
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Parameterized global optical-model potentials
HAIXIA AN AND CHONGHAI CAI PHYSICAL REVIEW C 73, 054605 (2006)

FIG. 1. Comparison of 11.8-MeV elastic scattering data of
Refs. [11–13] with the values from our global potential. The data
of 40Ca, 60Ni, 165Ho, and 206Pb have not been included in the global
parameter search.

APMN and the potential by C. M. Perey and F. G. Perey as a
starting point, we plan to search for a new set of parameters
for a global deuteron potential in a wider energy range and for
more target nuclei than other global deuteron potentials.

This article is arranged as follows. Section II describes
our optical model and global optical potential parameters, and
Sec. III presents the database for searching for global optical
potential parameters. Section IV is a comparison of our work
with a previous work [3], Sec. V describes the results and
discussion, and Sec. VI provides a summary.

II. OPTICAL MODEL AND GLOBAL OPTICAL
POTENTIAL PARAMETERS

In APMN, all radius and diffusiveness parameters are con-
stant, they do not vary with mass number of the target nucleus.
In this work, according to the global optical model parameters
(OMP) of Varner et al. [10], the radius parameters are
taken in the form of ri = ri0 + ri1 A!1/3. Following Bojowald
et al. [3], the diffusiveness parameters are taken in the form of
ai = ai0 + ai1 A1/3. We also made some other small changes
in APMN to allow it to contain the parameters in the form given

FIG. 2. Comparison of 17-MeV elastic scattering data of Ref. [14]
with the values from our global potential. The data of 48Ca, 59Co, 62Ni,
64Ni, 105Pd, 112Cd, 115In, 112Sn, 124Sn, and 209Bi have not been included
in the global parameter search.

in Ref. [3]. The code APMN as modified by us contains 33
adjustable parameters.

The optical model potential in the modified APMN code is
given as follows:

V (r) = !V fr (r) ! i Wv fv(r) + i 4 asWs

dfs(r)
dr

+ !2
"

Vso + Wso

r

dfso(r)
dr

"# · "l + VC(r), (1)

where

fi(r) = {1 + exp[(r ! ri A
1/3)/ai]}!1 with i = r, v, s, so,

(2)

V = V0 + V1 Ed + V2 E2
d + V3 (N ! Z)/A + V4 Z/A1/3,

(3)

Ws = Ws0 + Ws1 Ed + Ws2 (N ! Z)/A + Ws3 A1/3, (4)

Wv =
!

Wv0 + Wv1 Ed + Wv2 E2
d : Ed ! Ebd

Wv0h + Wv1h Ed + Wv2hE
2
d : Ed > Ebd

(5)

Ri = ri A
1/3 with i = r, v, s, so, C, (6)

ri = ri0 + ri1 A!1/3 with i = r, v, s, so, (7)

ai = ai0 + ai1 A1/3 with i = r, v, s, so, (8)

where Ed is the incident deuteron energy in the laboratory
frame and Z, N, and A are the number of protons, neutrons,
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GLOBAL DEUTERON OPTICAL MODEL POTENTIAL FOR . . . PHYSICAL REVIEW C 73, 054605 (2006)

FIG. 3. Comparison of the 34.4-MeV elastic scattering data of
Ref. [15] with the values from our global potential. The data of 49Ti,
50Ti, 60Ni, 91Zr, 92Zr, 94Zr, and 96Zr have not been included in the
global parameter search.

and the nucleons of the target nucleus, respectively. Ebd is the
energy boundary in Wv . V is the real part potential, Ws and Wv

are the surface and volume absorption of the imaginary part
potential, respectively, and VC(r) is the Coulomb potential
and is taken as a potential of uniformly charged sphere with
radius RC .

Considering that the isospin of deuteron is zero, we let V3 =
0, Ws2 = 0. Through a real search, we find that Wv2,Wv2h, Ws3,
and Wso are almost zero, the difference of Wv1 and Wv1h is very
small, and Vso is small, so we do not need give Wv in the lower
and higher energy regions, respectively, and can take Wv2 =
0,Ws3 = 0,Wso = 0, rso1 = aso1 = 0 to reduce the number of
parameters. Finally, there are only 24 parameters in our optimal
set of global deuteron optical potential parameters; they can
be read as:

V = 91.85 ! 0.249 Ed + 0.000116 E2
d + 0.642 Z/A1/3,

(9)

Ws = 10.83 ! 0.0306 Ed, Wv = 1.104 + 0.0622Ed,
(10)

Vso = 3.557,

ar = 0.719 + 0.0126 A1/3, as = 0.531 + 0.062 A1/3,
(11)

FIG. 4. Comparison of the 52-MeV elastic scattering data of
Ref. [16] with the values from our global potential. The data of
50Ti and 64Ni have not been included in the global parameter search.

av = 0.855 ! 0.100 A1/3,

rr = 1.152 ! 0.00776 A!1/3, rs = 1.334 + 0.152 A!1/3,
(12)

rv = 1.305 + 0.0997 A!1/3,

aso = 1.011, rso = 0.972, rC = 1.303. (13)

III. THE DATABASE FOR THE GLOBAL
PARAMETER SEARCH

All experimental data used in this work are taken from
the EXFOR, which benefits the search, because the references
concerning our experiment usually give only figures rather
than data. All these experimental data are given in the
center-of-mass (c.m.) system, so all our calculation values
are given in the c.m. system, too. Our theoretical treatment is
always in the nonrelativistic frame; no consideration is given
to the relativistic kinetics corrections because they are usually
very small (below 300 MeV). For example, for an incoming
deuteron with a kinetic energy of 300 MeV in the laboratory
system, the relativistic correction for the relative kinetic energy

054605-3

For example, An and Cai, Phys. Rev. C 73, 054605 (2006), for deuterons

From elastic scattering data collected over the decades with stable nuclei
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8 Convenient spreadsheet e.g. for Ptolemy
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Transfer reactions – cross sections
T. Aumann, C. Barbieri, D. Bazin et al. Progress in Particle and Nuclear Physics 118 (2021) 103847

Fig. 21. Calculations of the total cross sections for the (a) 60Ni(d, p)61Nig.s.,`=1 and (b) 60Ni(↵, 3He)61Nig.s.,`=4 reactions as a function of incident
beam energy carried out in a DWBA framework using modern global optical-model parameterizations and form factors.

Fig. 22. Calculations of ` = 0, 2, 4, and 5 transfer in the 120Sn(d, p)121Sn reaction at energy below (a), around (b), just above (c), a few MeV/u above
(d) and well above (e) the Coulomb barrier in both the entrance and exit channel. The calculations were carried out in a DWBA framework using
modern global optical-model parameterizations and form factors.

Similar figures to those shown in Fig. 22 have been used to motivate the development of radioactive-ion beam facilities,
demonstrating the ideal energy for transfer reactions, and especially for stressing the importance of beam energy for new
facilities (e.g., REX-ISOLDE (3 MeV/u) upgrading to HIE-ISOLDE (10 MeV/u), and ReA3 (nominally 3 MeV/u) upgrading to
ReA6 and potentially beyond).

There have been several recent pioneering transfer-reaction measurements that were carried out at (too) low (or too
high) energies that provided essential glimpses into the systems in question—in many cases, ` identification and other
nuclear structure properties can be gleaned, but perhaps not with precise (cross sections) spectroscopic factors, nor have
many of those measurements been on systems with large �S = ✏|Sn � Sp|, ✏=+1 for proton removal, ✏=-1 for neutron
removal.

As mentioned above, if the experiment can be carried out under appropriate conditions in terms of beam energy, the
transfer mechanism can be considered a one-step process happening in the proximity of the nuclear surface, populating
s.p. states in the target nucleus. Under such circumstances, the approximations made in the reaction model are likely to
be far more reliable. A key consideration, beyond beam energy, is momentum matching. A simple, semi-classical take on
this relates the change (Q ) in incoming (pin) and outgoing (pout) momentum at the nuclear surface (R) to the transferred
orbital angular momentum such that

|Q ⇥ R| = |(pin � pout) ⇥ R| ' `h̄ (39)

(with the height of the Coulomb barrier subtracted, since the reaction takes place near the surface, and close to the barrier
height), mimicking ` = r ⇥ p.

Fig. 23 shows two examples of momentummatching, (a) contrasting the neutron-removing (p, d) and (3He, ↵) reactions
on 76Se [200] and (b) the neutron adding (d, p) and (↵, 3He) reactions on 60Ni [201]. For the latter example, the beam
energies were 5 MeV/u for the (d, p) reaction and 9.5 MeV/u for the (↵, 3He) reaction, which are both near the peak cross
sections as shown in Fig. 21.

From Fig. 23(b), the spectra from the two reactions, (d, p) and (↵, 3He), appear very different. The momentum matching,
shown in the inset, indicates Q ⇥ R ⇡ 1 (in units of h̄) for the (d, p) reaction and ⇡ 4 for the (↵,3He) reaction, and the
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Transfer reactions – OMPs

being the study of the 40Ca(d,p) reaction by Lee et al. [44]. As is so often concluded, that
work summarized that so-called ‘absolute’ spectroscopic factors could be extracted with an
accuracy of around 20% with numerous caveats, such as the choice of bound-state potentials
and optical-model parameterizations. It is these choices that are discussed below.

It is only recently that compelling e↵orts have been made towards an ab initio approach
to nuclear reactions and nuclear structure, both aspects of which are considered in the same
framework. [REF NEEDED]MGR:[58] (Isn’t this one OK?). This approach is likely to be
the crowning achievement of reaction theory in the coming decade or so, and in particular
its application to very weakly or tightly bound systems.

1.3.1 The optical model and form factors

(MGR: There is some work from the NSCL group studying the propagation of uncertain-
ties from the optical potentials obtained from elastic scattering to transfer cross sections
[45, 46, 37]. However, given the remark of Schi↵er [don’t remember where] that global
parametrizations should be used for transfer, I do not know how relevant these results are
for this discussion. The uncertainties they find are huge, by the way.)

Optical-model parameterizations can be specific or global. The concept of global param-
eterizations was established very early in the progression of the field as a natural extension
of understanding the systematics of scattering reactions. It was clear that for nuclei near
stability and particularly those greater than somewhere between around mass say A ⇠ 16,
the trends in terms of mass, volume, and N � Z is varied smoothly, with a classic analysis
performed in Ref. [56]. Over the last fifty or so years, a wealth of elastic scattering data
has led to very well evolved global optical-model parameterizations, particularly for pro-
tons [38, 74] (and neutrons) and deuterons [3]. The situation is improving for 3He (e.g., [55])
and 4He, were fewer data have been collected.
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FIG. 1. The filling of neutrons in the 0g7/2, 1d5/2, 2s1/2, 1d3/2,
and 0h11/2 orbitals across the stable, even-A tin isotopes as derived
from this work. The horizontal bars are the nominal number of
neutrons above N = 50 for each isotope. The missing 0g7/2 strength
(hatched) and the uncertainties are discussed in the text.

matching conditions are shown in Fig. 2 for reactions on
116Sn, as studied in the current work. When carried out at
energies a few MeV above the Coulomb barrier for the in-
coming and outgoing ions, the reaction cross sections are
large, forward peaked, and can be reliably analyzed using the
distorted-wave Born approximation (DWBA) [23,24].

II. EXPERIMENTAL METHODS

The measurements presented in this paper were made at
two different tandem accelerator facilities. The (p,d) and

TABLE I. Summary of the reactions and energies used on the
even tin isotopes with 112 ! A ! 124.

Reactions Lab Ebeam (MeV) !lab(!)

(d,p) MLL 15 6, 18, 30, 40
(",3He) IPN 41 10.9
(p,d) MLL 21 6, 18, 30, 40
(3He,") IPN 36 5.9a

aFor 120,122Sn, additional angles of !lab = 10.9!, 15.9!, and 20.9!

were measured.

(d,p) reactions were measured at the Maier Leibnitz Labora-
torium (MLL), taking advantage of the outstanding Q-value
resolution of the Munich Q3D spectrometer. The (3He,")
and (",3He) reactions were carried out at the Tandem-Alto
facility at the Laboratoire de Physique des 2 Infinis Irène
Joliot-Curie (IJClab), where the tandem is capable of higher
terminal voltages; necessary because of the large negative
Q values of the neutron-adding reaction. Table I is a sum-
mary of the reactions, targets, and angles, studied at each
facility. Isotopically enriched targets of 112Sn (98.93%), 114Sn
(71.10%), 116Sn (97.80%), 118Sn (98.60%), 120Sn (99.70%),
122Sn (96.00%), and 124Sn (97.40%) with a nominal thickness
of "100 µg/cm2 were used. The targets were evaporated onto
a carbon backing of "20 µg/cm2.

The instrumentation and methodology used for the MLL
measurement was the same as that described in Ref. [25].
Similarly, Ref. [26] gives an overview of the approach taken
at IJClab.

At MLL, the beams used were deuterons at 15 MeV and
protons at 21 MeV at currents of 500–1000 nA. The outgoing
ions from the reactions were momentum analyzed using the
Q3D magnetic spectrograph [27]. The entrance aperture of

FIG. 2. The 116Sn(d,p) 117Sn and 116Sn(",3He) 117Sn reactions at 15 MeV (!lab = 18!) and 41 MeV (!lab = 10.9!), respectively, are shown
in (a). Selected states are labeled by the transferred angular momentum # to highlight the different matching conditions. (b) is the same (d,p)-
reaction data but with a logarithmic y axis to emphasize the details of the spectrum. Similarly, the 116Sn(p,d ) 115Sn and 116Sn(3He,") 115Sn
reactions at 21 MeV (!lab = 18!) and 36 MeV (!lab = 5.9!), respectively, in (c) and (d). The broad peak around 2.3 MeV in (a) and (b) is from
reactions on the carbon target backing.
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FIG. 3. Example angular distributions for (a) ! = 0 and 2 trans-
fer via the (d,p) and (p,d) reactions on 112Sn and 116Sn and (b) ! = 4
and 5 transfer via the (3He,") reaction on 122Sn. The solid curves are
the assigned ! value and the dashed curves are for alternative, albeit
similar, ! values as discussed in the text

the spectrograph was fixed at values of 14.03 msr (nomi-
nal full aperture) or 7.25 msr (nominal half-aperture) during
the experiment. In order to extract absolute cross sections,
measurements of the product of the target thickness and
spectrometer entrance aperture for each target were made
using elastic scattering of 10-MeV deuterons at #lab = 20!,
integrated over the finite extent of the aperture. Under these
conditions the measured cross section is estimated to be
within 3% of Rutherford scattering from optical-model cal-
culations. The beam currents used for these calibrations were
"1 nA, necessitating a different scale on the current inte-
grator compared to the main reaction studies. The different
integrator scales used were calibrated using a constant current
source.

Cross sections were determined at the several angles se-
lected to be at the first maxima of the angular distribution
of the differential cross sections for the relevant ! transfers.
First maxima were estimated by DWBA calculations to be at
#lab = 6, 18, 30, and 40 ! for ! = 0, 2, 4, and 5, respectively, in
both the (d,p) and (p,d) reactions. Data taken at these angles
also map out the angular distributions in a manner sufficient to
determine the ! transferred in the reaction. While the majority
of observed states have been identified in previous measure-
ments, the angular distributions allow both confirmation of
previous angular-momentum assignments and new ! assign-
ments to be made. Reproduction of the measured angular
distributions serves to validate choice of the parametrizations
used in the DWBA, which is discussed in detail later. Figure 3
shows examples of angular distributions for each reaction,
with a more complete record provided in the Supplemental
Material [28].

States in the residual nuclei were measured up to an ex-
citation of "4 MeV in the (d,p) reaction and "3 MeV in

the (p,d) reaction in most cases. For the 112,114Sn targets, the
excitation-energy range for (p,d) reactions was limited due
to the presence of elastically-scattered protons on the focal
plane. Four magnetic-field settings were required in order
to cover these ranges in excitation energy, with overlaps of
several hundred keV. The states populated were calibrated
in terms of excitation of the residual nucleus using states
of known energy [29]. Typical spectra are shown in Fig. 2;
all spectra are available in the Supplemental Material [28].
The resolution obtained was "10 keV full-width at half-
maximum, and excitation energies were determined to better
than 1 keV.

Reactions on oxygen and carbon, present in the targets,
resulted in ions from reactions on these contaminants falling
on the focal plane in the region of interest. These contami-
nants are easily identifiable due to their larger kinematic shift
compared to the isotopes of interest, resulting in significant
shifts in magnetic rigidity with angle and broader line shapes,
as seen in the spectra of Figs. 2(a), 2(b). States corresponding
to reactions on isotopic contaminants were also present and
were identified by their rigidity. This was most apparent for
reactions on 114Sn, which has a significantly lower isotopic
purity than the other isotopes.

The (",3He) and (3He,") reactions were measured at IJ-
Clab. Beams of 36-MeV 3He and 41-MeV " particles at
currents of 50–100 nA were used to bombard tin targets made
from the same enriched material as used in the Munich experi-
ments. Outgoing reaction products were momentum analyzed
in an Enge split-pole spectrometer [30,31]. The entrance aper-
ture to the spectrometer was fixed for the duration of the
experiment at a nominal value of 1.63 msr. The product of
aperture and target thickness was measured using elastic scat-
tering of " particles at an energy of 15 MeV and a laboratory
angle of 20.9!, which is in the Rutherford scattering regime.
The full scale on the beam-current integrator was kept at a
value of 10 nA for all measurements. The offset of the current
source was calibrated using a known constant current source
and found to be <1%.

Angular distributions of the differential cross sections for
both the (",3He) and (3He,") in this energy regime are
forward peaked for the high-! states of interest. Therefore,
cross sections were measured at a nominal forward angles of
5.9!—as far forward as is practical. For the (",3He) reaction,
this was limited to 10.9! due to other considerations. In or-
der to assess the suitability of the choice of input into the
DWBA reaction modeling, four-point angular distributions
were measured for the (3He, ") reactions on targets of 120Sn
and 122Sn, with 10.9!, 15.9!, and 20.9! being the additional
angles. These are shown in Fig. 3. The ! = 4 and 5 shapes are
similar and discrimination between the two is not definitive.
However, the spin-parity assignments for the vast majority of
states populated are already known [29].

The dispersion of the Enge split-pole spectrometer was
such that the entire excitation-energy range of interest could
be observed using a single magnetic-field setting. The ob-
served resolution was 70 keV for 3He ions from the (",3He)
reactions and 90 keV for 4He ions from the (3He,") reactions.
Spectra are shown in Fig. 2 for these reactions on 116Sn. The
energies of states were determined to better than 5–10 keV.
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FIG. 1. The filling of neutrons in the 0g7/2, 1d5/2, 2s1/2, 1d3/2,
and 0h11/2 orbitals across the stable, even-A tin isotopes as derived
from this work. The horizontal bars are the nominal number of
neutrons above N = 50 for each isotope. The missing 0g7/2 strength
(hatched) and the uncertainties are discussed in the text.

matching conditions are shown in Fig. 2 for reactions on
116Sn, as studied in the current work. When carried out at
energies a few MeV above the Coulomb barrier for the in-
coming and outgoing ions, the reaction cross sections are
large, forward peaked, and can be reliably analyzed using the
distorted-wave Born approximation (DWBA) [23,24].

II. EXPERIMENTAL METHODS

The measurements presented in this paper were made at
two different tandem accelerator facilities. The (p,d) and

TABLE I. Summary of the reactions and energies used on the
even tin isotopes with 112 ! A ! 124.

Reactions Lab Ebeam (MeV) !lab(!)

(d,p) MLL 15 6, 18, 30, 40
(",3He) IPN 41 10.9
(p,d) MLL 21 6, 18, 30, 40
(3He,") IPN 36 5.9a

aFor 120,122Sn, additional angles of !lab = 10.9!, 15.9!, and 20.9!

were measured.

(d,p) reactions were measured at the Maier Leibnitz Labora-
torium (MLL), taking advantage of the outstanding Q-value
resolution of the Munich Q3D spectrometer. The (3He,")
and (",3He) reactions were carried out at the Tandem-Alto
facility at the Laboratoire de Physique des 2 Infinis Irène
Joliot-Curie (IJClab), where the tandem is capable of higher
terminal voltages; necessary because of the large negative
Q values of the neutron-adding reaction. Table I is a sum-
mary of the reactions, targets, and angles, studied at each
facility. Isotopically enriched targets of 112Sn (98.93%), 114Sn
(71.10%), 116Sn (97.80%), 118Sn (98.60%), 120Sn (99.70%),
122Sn (96.00%), and 124Sn (97.40%) with a nominal thickness
of "100 µg/cm2 were used. The targets were evaporated onto
a carbon backing of "20 µg/cm2.

The instrumentation and methodology used for the MLL
measurement was the same as that described in Ref. [25].
Similarly, Ref. [26] gives an overview of the approach taken
at IJClab.

At MLL, the beams used were deuterons at 15 MeV and
protons at 21 MeV at currents of 500–1000 nA. The outgoing
ions from the reactions were momentum analyzed using the
Q3D magnetic spectrograph [27]. The entrance aperture of

FIG. 2. The 116Sn(d,p) 117Sn and 116Sn(",3He) 117Sn reactions at 15 MeV (!lab = 18!) and 41 MeV (!lab = 10.9!), respectively, are shown
in (a). Selected states are labeled by the transferred angular momentum # to highlight the different matching conditions. (b) is the same (d,p)-
reaction data but with a logarithmic y axis to emphasize the details of the spectrum. Similarly, the 116Sn(p,d ) 115Sn and 116Sn(3He,") 115Sn
reactions at 21 MeV (!lab = 18!) and 36 MeV (!lab = 5.9!), respectively, in (c) and (d). The broad peak around 2.3 MeV in (a) and (b) is from
reactions on the carbon target backing.
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FIG. 7. A comparison of the fractional occupancies determined
in this work compared with shell-model calculations from Ref. [45],
for which information is available for the 1d5/2, 0g7/2, and 0h11/2

orbitals for 102 ! A ! 132, and for the 2s1/2 and 1d3/2, 112 ! A !
124 only.

IV. SINGLE-PARTICLE ENERGIES

The effective single-particle energies, ! j , can be deter-
mined from the centroids of single-particle strength for the
adding and removing reactions, that are derived as described
in Eq. (3). The effective single-particle energy was formally
defined by Baranger [46], and is equivalent in definition to the
monopole formulation discussed in the recent review article
of Otsuka et al. [47], which has been used extensively in
describing the evolution of effective single-particle energies
with neutron excess.

The effective single-particle energies, ! j , are defined as
the combination of the centroids of single-particle strength,
E±, [Eq. (3)], and on an absolute scale with respect to zero
binding, as

! j =
E !+

j G+
j + E !"

j G"
j

G+
j + G"

j
, (4)

where G± are the normalized summed strengths of Table II
and

E !+
j = "B(A + 1) + E+

j (5)

with B being the binding energy of the target plus a neutron
system in the adding reaction and E+ the centroid of Eq. (3).
Similarly,

E !"
j = "B(A) " E"

j . (6)

Figure 8 shows the effective single-neutron energies as
determined using Eq. (4) for 0g7/2, 1d5/2, 2s1/2, 1d3/2, and
0h11/2 orbitals. Numerical values are given in Table IV. The
binding energy of all of these orbitals deceases slowly across
the tin isotopes, each at essentially the same rate of around
50–100 keV per additional neutron. By contrast, the proton
orbitals’ binding energies change by #350-400 keV per ad-
ditional neutron over the same range [39] as shown in Fig. 9.
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FIG. 8. The effective single-particle energies for neutron orbitals
across the stable, even-A tin isotopes.

The contrast is striking—the neutron single-particle states be-
come less bound slowly, while the proton single particle states
become much more bound with increasing neutron number.
This pattern is being studied more broadly [48].

Another striking feature is the near degeneracy of the 2s1/2,
1d3/2, and 0h11/2 orbitals, which fill in parallel across the
isotopic chain, and similarly that of the other two orbitals
1d5/2 and 0g7/2, that are already mostly filled across the same
region. The two degenerate groupings are well separated by
around 2 MeV, similar in magnitude to the pairing gap. This
suggests strong correlations within each of the two sets of de-
generate orbitals, and some, considerably weaker, correlation
between the two.

The uncertainties on the effective single-particle energies
reflect those in the summed strength from adding and re-
moving reactions, and the same considerations with regards
to reaction modeling, unassigned and misassigned strength.
We note that the magnitude of the normalization factor, Nj ,

TABLE IV. Effective single-particle energies in MeV. Uncertain-
ties are discussed in the text.

2s1/2 1d3/2 1d3/2 0g7/2 0h11/2

112Sn "7.9(3) "7.8(2) "10.0(2) "10.0(2) "7.62(15)
114Sn "8.2(3) "7.7(2) "9.8(2) "9.4(2) "7.56(15)
116Sn "8.0(3) "7.5(2) "9.9(2) "9.4(2) "7.67(15)
118Sn "7.7(3) "7.2(2) "9.5(2) "9.7 +0.4

"0.6 "7.55(15)
120Sn "7.8(3) "7.2(2) "9.3(2) "9.4 +0.4

"0.6 "7.52(15)
122Sn "7.5(3) "7.1(2) "9.2(2) "9.2 +0.4

"0.8 "7.49(15)
124Sn "7.6(3) "7.1(2) "9.1(2) "9.4 +0.4

"0.8 "7.41(15)
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FIG. 9. The effective single-particle energies for neutron orbitals
across the stable, even-A tin isotopes contrasted with those of protons
for the 0g7/2 and 0h11/2 orbitals, which are well determined from the
(!, t) reaction [39].

has no impact on the single-particle energy. Only changes in
the centroids and thus the distribution of strength in adding
and removing have an effect. For the 2s1/2 and 1d orbitals,
variations in either the summed adding or removing strength
by 10%, or both, which is commensurate with the rms spread
of the total strength, and possible unobserved strength, result
in a estimated uncertainty in the effective single-particle ener-
gies by around ±300 keV for the 2s1/2 orbital and ±200 keV
for the 1d orbitals. The rms spread in the summed 0h11/2
strengths is smaller, around 5%, resulting in an estimated
±150 keV variation in the single-particle energy. As discussed
above, there is robust evidence of unobserved 0g7/2 strength,
dominantly in the neutron-removal reaction, which results
in asymmetric uncertainties in the single-particle energies,
where the orbital is likely more bound due to this unobserved
strength. For 118,120Sn, this results in effective single-particle
energies of +400 < "#0g7/2 < !600 keV and for 122,124Sn,
+400 < "#0g7/2 < !800 keV. We note that the adjustment
to the 0g7/2 fractional occupancy was not used in the deter-
mination of the effective single-particle energies, and this is
reflected in the uncertainties.

V. ANALYSIS OF RESULTS IN THE BCS FRAMEWORK

The simple pairing approximation, based on the BCS con-
cept [49,50], can relate the occupation numbers, U 2 and
V 2 (emptiness and fullness, such that U 2 + V 2 = 1) to the
effective single-particle energies, the Fermi energy $, and
the pairing gap ". In the early transfer reaction studies on
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the Sn isotopes by the Pittsburg group [2,3], the occupation
numbers extracted from those works were compared to pair-
ing theory, though discrepancies (sometimes by as much as
an MeV) were noted when comparing data to the centroids
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Occupancies, methods
Step one is typically a normalization or a comparison to the shell model (or independent single-
particle model)

Macfarlane and French, Rev. Mod. Phys. 32, 567 (1960)

Nj ⌘ [(0.45 + 0.12 + 1.29 + 0.10 + 0.11 + 0.37) + (0.44 + 0.15 + 0.12 + 0.04)]/(2 + 4) = 0.53

Nj ⌘ S0/S

E ℓ (2j+1)S' (2j+1)S
160 1 0.44 0.82
225 4
421 2
505 2
629 1 0.15 0.28
884 2
1021 1 0.12 0.22
1048 1 0.04 0.07
1250 0
1385 2

E ℓ S’ S
0 1 0.45 0.85

191 4
248 1 0.12 0.23
317 3
457 3
575 1 1.29 2.43
651 3
885 1 0.10 0.19
1137 1 0.11 0.21
1250 3
1410 0
1451 1 0.37 0.70
1580 3

76Ge(p,d)75Ge 76Ge(d,p)77Ge
E.g. germanium

J. P. Schiffer et al., Phys. Rev. Lett. 100, 112501 (2008)

More later
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OP uncertainties seen in normalizations
Recent detailed studies with stable nuclei highlight some of the OMP uncertainties (among 
other characteristics)

J. P. Schiffer et al., Phys. Rev. C 87, 034306 (2013)

J. P. SCHIFFER et al. PHYSICAL REVIEW C 87, 034306 (2013)
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FIG. 6. (Color online) Ratios of the measured cross sections
for neutron-adding reactions, with the subscripts on the axis labels
indicating the angle of measurement. Different colors are used to
represent the expected ! values, and the area of the points reflects the
relative cross sections within each group. The open (blue) symbols
are ! = 4 transitions, and the filled ones are ! = 1 (red [light gray])
or 3 (green [dark gray]). The angular-momentum transfer for all
the data shown is known from other experiments, and the consistency
with the previous assignments, particularly for the strongest and most
important transitions, is demonstrated for ! = 1 transitions compared
to the higher ! transfers. The black dots represent weak transitions
whose angular momenta are unknown or doubtful.

The measurements were carried out over a five-day period
with the split-pole spectrograph and focal-plane detector
system. The detector was a position-sensitive ionization drift
chamber filled with 150 Torr of isobutane, which gives position
and energy-loss information, and was backed by a scintillator
that gives the total energy of the light ions [10]. Outgoing
particles were identified through a series of two-dimensional
(2-D) spectra related to energies and positions measured in
the focal plane as shown in Figs. 3 and 4. Multiple gates
provided unambiguous identification, and it is estimated that
the gating does not contribute to the cross-section uncertainties
in a significant way. Focal-plane position spectra were energy
calibrated using the known energies of strongly populated
states [6]. Average resolutions achieved with the various

TABLE III. Normalization factors for neutron transfer.

Nucleus N!=1 N!=3 N!=3,"

58Ni 0.527 0.528 0.518
60Ni 0.548 0.503 0.464
62Ni 0.558 0.554 0.471
64Ni 0.566 0.480 0.433

Mean 0.550(15) 0.517(28) 0.471(30)
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FIG. 7. (Color online) On the top, the DWBA-calculated peak
cross sections are plotted for ! = 1 transitions with two proton
potentials from Refs. [13] (solid) and [14] (open), for both (d,p)
and (p,d) reactions, for Q values corresponding to the first 2 MeV
of excitation energy in the final nucleus. On the bottom, the ratios of
the cross sections for the two potentials are shown.

targets and reactions are given in Table I, and typical spectra
are shown in Fig. 5.

Yields were determined from fits to the data using a
Gaussian distribution to approximate the line shape in the
spectra. For states that were closely spaced, a simultaneous fit
to several Gaussians was done, constraining the widths to be
equal. Several independent fits to the data indicate a systematic
uncertainty of less than a percent for cross sections greater than
a millibarn, and a few percent for cross sections below this.
Isotopic impurities in the target, in particular in 64Ni (with
!5% 58Ni and !3% 60Ni) did not interfere with the extraction
of yields from nearby states. Contaminants such as isotopes of
oxygen and carbon were typically not found in the excitation

TABLE IV. Normalization factors for ! = 1 neutron transfer.

Deuteron Proton Bound state Normalization

[12], fixed [13], fixed [15] 0.492 ± 0.020
[16] [13], fixed [15] 0.646 ± 0.041
[17] [13] [15] 0.568 ± 0.037
[12] [13] [15] 0.550 ± 0.015
[18] [19] [15] 0.572 ± 0.051
[12] [13] [13] 0.475 ± 0.018
[12] [14] [14] 0.561 ± 0.022
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targets and reactions are given in Table I, and typical spectra
are shown in Fig. 5.

Yields were determined from fits to the data using a
Gaussian distribution to approximate the line shape in the
spectra. For states that were closely spaced, a simultaneous fit
to several Gaussians was done, constraining the widths to be
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uncertainty of less than a percent for cross sections greater than
a millibarn, and a few percent for cross sections below this.
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FIG. 11. (Color online) The centroid of the experimental,
spectroscopic-factor-weighted excitation energies are plotted for
neutron addition (vacancies, open circles) and neutron removal (oc-
cupancies, full circles). The error bars reflect estimated uncertainties,
including those from uncertain spin assignments.

The remaining systematic uncertainties sum to a few
percent for the absolute cross sections and may be due to target
thickness variations, movement of the incoming beam, and the
change in Rutherford cross sections from small uncertainties
in the measuring angle. Including statistics, uncertainties in the
absolute cross sections are estimated as !4% for ! > 1 mb/sr,
!7% for 0.1 < ! < 1.0 mb/sr, and !18% for ! < 0.1 mb/sr.

The states that are significantly populated in transfer
reactions on the Ni isotopes are known from previous work [6]
and their spins are determined. The emphasis in the present
measurement is to obtain a set of accurate cross-sectional data
that may be analyzed in a consistent manner. The question
of contributions from possible missed states was discussed in
Ref. [1] and likely is negligibly small.

Some confirmation of the previously determined spins is
shown in Fig. 6. Here, the ratio of the cross sections between
the reactions involving deuterons and "-s is plotted against the
ratio of the deuteron cross sections at the two angles. These
ratios are sensitive to the difference between # = 1 and 3 and
not sensitive to that between # = 3 and 4. However, as may be
seen from the figure, all the significant cross sections appear
to be consistent with the previously assigned # values.

II. SPECTROSCOPIC FACTORS AND DWBA

The question of whether spectroscopic factors are “true
observables” was discussed in our brief report of this work [1].
There is no question that spectroscopic factors are model
dependent, at least in some measure. However, the sum
rules based on spectroscopic factors can be a valuable, even
if approximate, tool for learning about nuclei and nuclear
properties. Since spectroscopic factors are essentially reduced
cross sections, we use the reaction theory, in the present
case DWBA, only as a crutch to help handle what may be
regarded as kinematic aspects of the reaction, such as the
different energies, Q values, effects of distorting parameters

TABLE V. Centroid energies for single-neutron (hole) strength
(keV).

Reaction J $ A Expt. GXPF1A JUN45

Adding 3/2" 58 245(75) 483 224
60 291(150) 619 339
62 416(450) 790 766
64 758(75) 843 964

rmsexpt."theor. 275 245
Adding 5/2" 58 475(75) 826 659

60 231(75) 436 164
62 87(75) 401 85
64 0(75) 191 145

rmsexpt."theor. 274 122
Adding 1/2" 58 715(75) 1034 1599

60 801(170) 447 930
62 983(440) 500 485
64 198(75) 150 172

rmsexpt."theor. 340 511
Removing 3/2" 58 0(75) 238 0

60 239(75) 265 196
62 222(75) 537 248
64 521(75) 1161 581

rmsexpt."theor. 376 39
Removing 5/2" 58 1056(75) 888 1119

60 472(75) 499 649
62 205(75) 201 154
64 87(75) 439 124

rmsexpt."theor. 195 99
Removing 1/2" 58 1113(90) 1322 1989

60 720(75) 890 1560
62 478(170) 170 1002
64 491(75) 476 572

rmsexpt."theor. 205 662

in the entrance and exit channels, and the form factors. Other
reaction models might serve equally well. We measure, as
well as we can, the cross sections for all the states populated
in adding and removing a nucleon from a given target. The
same reaction is used for adding as removing, e.g., (d,p) and
(p,d) or (",3He) and (3He,"). The summed reduced cross
sections then provide a natural normalization of what might
be considered the “single-particle strength” in a reasonably
consistent description [1]. In this section we give some of
the details of the procedure and the results. This procedure
was used for neutron transfer only. For protons, we relied
on the assumption that Z = 28 was a good closed shell, an
assumption that was found to be approximate.

TABLE VI. Normalizations for proton transfer.

Reaction # value Normalization

(3He, d) 1 0.635 ± 0.042
(3He, d) 3 0.513 ± 0.069
(",t) 3 0.450 ± 0.059
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same experimental run as the neutron-transfer reactions
with the same targets and apertures. The analysis was
completed with a similar consistent normalization proce-
dure for the four target nuclei. The normalizations ob-
tained, taking Z ! 28 to be a closed shell so that the
valence orbits are effectively vacant, were 0.63(4) and
0.51(7) for the ‘ ! 1 and 3 "3He;d# transitions, respec-
tively, and 0.90(6) for the ‘ ! 3 transitions in "!;t#. The
upper isospin component in the sums [12] was not mea-
sured directly but was deduced from the neutron-adding
measurements discussed above. The summed vacancies in
the four isotopes are very nearly constant at 12.0(3), and
the ratio between the different j values is very close to
expectations, as is shown in Fig. 3. The g9=2 strength is
again at higher excitation energy and apparently not fully
covered in these measurements.

Discussion.—Uncertainties in the occupancies and va-
cancies are difficult to estimate; the statistical uncertainties

are small compared to systematic effects, such as possible
missed states or the effect of multistep mechanisms con-
tributing to the reactions. As was pointed out in Ref. [3],
the model dependencies imply that the spectroscopic fac-
tors are perhaps not rigorous observables.
Empirically, however, the nucleon occupancies ex-

tracted from the measured spectroscopic factors do behave
as expected. The summed neutron occupancies of 2.0, 4.1,
5.9, and 8.3 are consistent with the expected 2, 4, 6, and 8
across the Ni isotopes. Similarly, the proton vacancies
should remain equal to 12, and the measured values of
11.7, 11.7, 12.5, and 12.4 are consistent with this. The rms
deviations with a fixed normalization procedure are a few
percent. For the neutron normalization, we have relied only
on the summed addition plus removal strengths. All the fp
neutron orbits seem to be filling more or less in parallel, but
the g9=2 is lagging behind and becomes apparent only
starting with 62Ni.
The data indicate that, even though spectroscopic factors

may not strictly be true observables, this treatment of
reaction cross sections does seem to provide a self-
consistent description of occupancies, as two independent
checks indicate. (1) The sum rules are satisfied in a con-
sistent way over a series of isotopes where the neutron
occupancies change. They are also consistent for protons
where the occupancy remains the same. (2) The difference
between neutron holes and particles changes in a way
consistent with the expected populations.
The method of extracting overlaps with single-particle

states using an internally consistent normalization proce-
dure seems to work satisfactorily. Apparently, spectro-
scopic factors do provide valuable and consistent
information on the structure of nuclei. A better understand-
ing of why this empirical treatment works rather well needs
to be clarified in terms of the approximations that are made
in the reaction theory. A more complete publication of
these data is in preparation.
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TABLE II. Neutron occupancies.

Nucleus 1p3=2 0f5=2 1p1=2 0g9=2 Total

58Ni 0.96 0.67 0.40 0 2.03
60Ni 1.74 1.61 0.71 0 4.06
62Ni 2.31 2.31 0.93 0.34 5.89
64Ni 3.17 3.41 1.07 0.66 8.31
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TABLE I. Energies, angles, and measured resolutions for each
reaction type.

Reaction Beam energy (MeV) !LAB (deg) FWHM (keV)

(d,p) 10 15 33
35

(p,d) 28 10 48
25

(",3He) 38 7 50
(3He,") 25 5 75
(3He,d) 18 10 50

25
(",t) 38 5 64

The present measurements were carried out to obtain an
accurate set of cross sections under consistent conditions. The
intent was to test the extent to which transfer reactions can
yield quantitative information in a procedure that minimizes
the ambiguities in extracting spectroscopic overlaps while
satisfying the sum rules and to attempt to minimize reliance
on a particular formalism or set of model parameters.

The experiment was carried out at the recently closed
Yale tandem accelerator and split-pole spectrograph with
its focal plane detector system. The method was one that
has been used before [9] to measure both neutron-adding
and neutron-removing reactions at similar energies, after the
target thicknesses were calibrated by "-particle scattering at
a far sub-Coulomb energy (E" = 9 MeV) in the regime of
Rutherford scattering. The transfer yields were measured using
the same spectrograph aperture, target, beam collimation,
and beam integrator as in the calibration runs, to minimize
systematic errors. The bombarding energies for deuterons and
protons were chosen to be sufficiently above the Coulomb
barriers to give the distinctive patterns, well understood in
reaction theory, yet low enough to get optimal energy
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FIG. 1. (Color online) Calculated DWBA angular distributions
for the (d,p) reaction on 60Ni at Ed = 10 MeV (full lines) and for the
(p,d) reaction at Ep = 28 MeV (dashed lines), for a full or empty
orbit respectively. The # = 1 calculations are for j = 3/2, the # = 3
are for 5/2, and the # = 4 are for 9/2. The full and empty bars
represent the angles at which measurements were made, with the
width of the bars indicating the angular aperture of the spectrograph.
The proton transfer is shown in the middle box, and the "-induced
reactions are shown on the right.
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resolution in the spectrograph and to cover roughly similar
ranges of energies in the incident and outgoing channels.

The reactions, energies, and angles used, along with the
energy resolution achieved, are summarized in Table I, and
typical calculated angular distributions are shown in Fig. 1.
The angular width of the aperture was ±20 mrad horizontally
and ±40 mrad vertically, with the central setting accurate to
about 1 mrad. The angles at which the measurements were
made for (d,p) and (p,d) reactions were slightly different
because of the calculated shift arising from differences in
kinematics. The smaller variation from the range of Q values
was generally less than the experimental errors and assumed
to be correctly accounted for in the distorted-wave Born
approximation (DWBA) calculations.

We did not attempt to measure angular distributions in
this work. There have been extensive studies on transfer
reactions on the Ni isotopes, and the #-value assignments
are consistent. Our focus was to obtain a consistent set of
peak cross sections, measured with good accuracy. In the
previous studies the observed peaks in the cross sections
were in good agreement with those calculated with DWBA.
The variation in the calculated peak positions with different
distorting parameters is on the order of 0.2!, and the sensitivity

TABLE II. The measured target thicknesses and their isotopic
purities.

Nucleus Thickness (µg/cm2) Purity (%)

58Ni 211 99.6
60Ni 204 99.7
62Ni 219 96.5
64Ni 160 91.0

034306-2



16

Brief aside: 0ν2β decay

Overview of all results
Schiffer et al., Phys. Rev. Lett. 100, 112501 (2008)
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Entwisle et al., Phys. Rev. C 93, 064312 (2016)
Szwec et al., Phys. Rev. C 94, 054314 (2016)

Freeman et al., Phys. Rev. C 96, 054325 (2017)

(References to theory work can be found in references above)
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FIG. 11. Percentage deviations of C2Sexp from the mean values of Ref. [31] as a function of different analysis input choices. See text for
details.

It is immediately apparent from Fig. 11 that the use of
entrance channel potentials based on the parameters of Watson
et al. [45] in most cases leads to C2Sexp values significantly
different from those obtained from calculations based on
the other parameter sets used in this study, underlining the
conclusion drawn from Fig. 10. The other observation, again
in accordance with our conclusions from Fig. 10, is that while
the exit channel potentials of Refs. [47] and [49] in general
yield C2Sexp values in good agreement there is a significant
difference for the 14O(d,t)13O case. Figure 11 also clearly
demonstrates that the choice of OFs has the greatest influence
on the C2Sexp values and that this influence is not systematic
but rather random, at least for this data set. Finally, the use of
DWBA rather than CRC introduces random differences in the
C2Sexp values, as already noted in the discussion of Table II.
We note that for the 16O(d,t) data at 28 MeV and, to a lesser
extent, the 16O(d,3He) data at the same energy the differences
in C2Sexp values obtained in the CRC and DWBA calculations
are the result of a more or less subjective judgement. The result
depends on which angular region of the data is used for the
normalization of the theoretical curves since the measurements
of Ref. [36] do not extend to small enough angles to define the
first peak of the angular distribution.

V. CONCLUSION

We have presented the results of an extended study to
quantify the influence of different choices of input to CRC
calculations on the C2Sexp values extracted from a data set

covering the 14O(d,t), 14O(d,3He), 16O(d,t), 16O(d,3He), and
18O(d,3He) reactions, with particular reference to the reduction
factor (Rs) study of Ref. [31]. The most important conclusion
is that the main result of Ref. [31], the lack of a significant
variation of Rs with !S, the single-nucleon separation energy
asymmetry, does not depend on these choices. The influence
of a particular set of choices of entrance and exit channel
potentials and OFs on this result is confined to matters of detail
such as the exact value of the slope of a straight line regression
fit to the Rs values, which remains small (!0.01 MeV!1) for
all the various combinations investigated here. This conclu-
sion is incompatible with the large Rs slope extracted from
knockout data at intermediate energy [23,24] but in agreement
with the one extracted very recently using (p,2p) reactions
on oxygen isotopes at higher energy [63]. This apparent
incompatibility for large !S remains a subject of debate and
possible deficiencies in the reaction model used to describe
either transfer or knockout reactions should continue to be
investigated carefully. For example, the basic factorization
procedure used to extract experimental spectroscopic factors
"exp " C2Sexp # "sp may also be inadequate for some of these
reactions, especially on very asymmetric nuclei, hindering
the definition of a consistent and common quantity directly
comparable for different types of reactions.

Concerning the variance of Rs values for a particular
transfer data set, it should be noted that certain choices of
input parameters can lead to extreme values. For example,
it is apparent that the use of entrance channel potentials
based on the parameters of Ref. [45] leads in most cases to
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More on uncertainties

radii (and consequently of r0) due to different Skyrme
interactions, provided the rms radii of 15N extracted from
(e, e0p) [5] are reproduced. All the other experimental
uncertainties are accounted for by the error bars displayed
on Fig. 4. A rather flat trend is found without the need
for the large asymmetry dependence suggested by inter-
mediate energy knockout data analyzed with the eikonal
formalism [10]. For a quantitative evaluation, we fitted
the reduction factor with a linear dependence Rs!
!"!S#". We obtained mean values for ! and " with
associated errors from a minimization over the 48 data sets,
considering (i) eight combinations of optical potentials for
the entrance and exit channels, (ii) three Skyrme interac-
tions to calculate the rms radii, and (iii) the two above-
mentioned shell-model calculations.

For the WS OF, the reduction factor Rs ! 0:538$28%$18%
(for !S ! 0 nuclei) is in agreement with Ref. [9] and the
slope parameter ! ! 0:0004$24%$12% MeV&1, therefore
consistent with zero. The first standard error obtained
over one data set depends on the experimental uncertain-
ties; the second one comes from the distribution over the 48
data sets. Within the error bars, the data do not contradict
the weak dependence found by ab initio calculations, with
!0 ! &0:0039 MeV&1 between the two 14O points in
Ref. [7], although the calculated !S is much reduced
compared to the experimental value.

Despite different OFs and SFs, the analysis
performed with the ab initio OF [30] provides very
similar results with Rs$!S!0%!0:636$34%$42% and !!
&0:0042$28%$36%MeV&1, with calculated !S!17:6MeV
[Fig. 4(b)].
In summary, we measured exclusive differential cross

sections at 18 MeV=nucleon for the 14O$d; t%13O and
14O$d; 3He%13N transfer reactions and elastic scattering.
WS OFs with a constraint on HF radii and microscopic
OFs (obtained from SCFG theory) have been compared for
the first time for symmetric and very asymmetric nuclei
and gave similar results. We extracted the reduction factors
Rs over a high asymmetry range, !S ! '18:5 MeV, for
oxygen isotopes. From the good agreement between the
CRC calculations and the set of transfer data highlighted in
our work, the asymmetry dependence is found to be non-
existent (or weak), within the error bars. This result is in
agreement with ab initio Green’s function and coupled-
cluster calculations [7,14], but contradicts the trend
observed in nucleon knockout data obtained at incident
energies below 100 MeV=nucleon and analyzed with the
sudden-eikonal formalism. The disagreement of the two
systematic trends from knockout and transfer calls for a
better description of so-called direct reaction mechanisms
in order that a consistent picture of nuclear structure
emerges from measurements at different incident energies.
The authors thank N. T. Timofeyuk and N. Alamanos for

enlightening discussions and P. Navrátil for providing
evolved two- and three-body interactions relevant to this
study. This work was supported by LIA COPIGAL and
POLONIUM PHC under Grant No. 22470XA. Theoretical
work was supported by the UK’s STFC Grant No. ST/
J000051/1.
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FIG. 7. A comparison of the fractional occupancies determined
in this work compared with shell-model calculations from Ref. [45],
for which information is available for the 1d5/2, 0g7/2, and 0h11/2

orbitals for 102 ! A ! 132, and for the 2s1/2 and 1d3/2, 112 ! A !
124 only.

IV. SINGLE-PARTICLE ENERGIES

The effective single-particle energies, ! j , can be deter-
mined from the centroids of single-particle strength for the
adding and removing reactions, that are derived as described
in Eq. (3). The effective single-particle energy was formally
defined by Baranger [46], and is equivalent in definition to the
monopole formulation discussed in the recent review article
of Otsuka et al. [47], which has been used extensively in
describing the evolution of effective single-particle energies
with neutron excess.

The effective single-particle energies, ! j , are defined as
the combination of the centroids of single-particle strength,
E±, [Eq. (3)], and on an absolute scale with respect to zero
binding, as

! j =
E !+

j G+
j + E !"

j G"
j

G+
j + G"

j
, (4)

where G± are the normalized summed strengths of Table II
and

E !+
j = "B(A + 1) + E+

j (5)

with B being the binding energy of the target plus a neutron
system in the adding reaction and E+ the centroid of Eq. (3).
Similarly,

E !"
j = "B(A) " E"

j . (6)

Figure 8 shows the effective single-neutron energies as
determined using Eq. (4) for 0g7/2, 1d5/2, 2s1/2, 1d3/2, and
0h11/2 orbitals. Numerical values are given in Table IV. The
binding energy of all of these orbitals deceases slowly across
the tin isotopes, each at essentially the same rate of around
50–100 keV per additional neutron. By contrast, the proton
orbitals’ binding energies change by #350-400 keV per ad-
ditional neutron over the same range [39] as shown in Fig. 9.
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FIG. 8. The effective single-particle energies for neutron orbitals
across the stable, even-A tin isotopes.

The contrast is striking—the neutron single-particle states be-
come less bound slowly, while the proton single particle states
become much more bound with increasing neutron number.
This pattern is being studied more broadly [48].

Another striking feature is the near degeneracy of the 2s1/2,
1d3/2, and 0h11/2 orbitals, which fill in parallel across the
isotopic chain, and similarly that of the other two orbitals
1d5/2 and 0g7/2, that are already mostly filled across the same
region. The two degenerate groupings are well separated by
around 2 MeV, similar in magnitude to the pairing gap. This
suggests strong correlations within each of the two sets of de-
generate orbitals, and some, considerably weaker, correlation
between the two.

The uncertainties on the effective single-particle energies
reflect those in the summed strength from adding and re-
moving reactions, and the same considerations with regards
to reaction modeling, unassigned and misassigned strength.
We note that the magnitude of the normalization factor, Nj ,

TABLE IV. Effective single-particle energies in MeV. Uncertain-
ties are discussed in the text.

2s1/2 1d3/2 1d3/2 0g7/2 0h11/2

112Sn "7.9(3) "7.8(2) "10.0(2) "10.0(2) "7.62(15)
114Sn "8.2(3) "7.7(2) "9.8(2) "9.4(2) "7.56(15)
116Sn "8.0(3) "7.5(2) "9.9(2) "9.4(2) "7.67(15)
118Sn "7.7(3) "7.2(2) "9.5(2) "9.7 +0.4

"0.6 "7.55(15)
120Sn "7.8(3) "7.2(2) "9.3(2) "9.4 +0.4

"0.6 "7.52(15)
122Sn "7.5(3) "7.1(2) "9.2(2) "9.2 +0.4

"0.8 "7.49(15)
124Sn "7.6(3) "7.1(2) "9.1(2) "9.4 +0.4

"0.8 "7.41(15)
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FIG. 9. The effective single-particle energies for neutron orbitals
across the stable, even-A tin isotopes contrasted with those of protons
for the 0g7/2 and 0h11/2 orbitals, which are well determined from the
(!, t) reaction [39].

has no impact on the single-particle energy. Only changes in
the centroids and thus the distribution of strength in adding
and removing have an effect. For the 2s1/2 and 1d orbitals,
variations in either the summed adding or removing strength
by 10%, or both, which is commensurate with the rms spread
of the total strength, and possible unobserved strength, result
in a estimated uncertainty in the effective single-particle ener-
gies by around ±300 keV for the 2s1/2 orbital and ±200 keV
for the 1d orbitals. The rms spread in the summed 0h11/2
strengths is smaller, around 5%, resulting in an estimated
±150 keV variation in the single-particle energy. As discussed
above, there is robust evidence of unobserved 0g7/2 strength,
dominantly in the neutron-removal reaction, which results
in asymmetric uncertainties in the single-particle energies,
where the orbital is likely more bound due to this unobserved
strength. For 118,120Sn, this results in effective single-particle
energies of +400 < "#0g7/2 < !600 keV and for 122,124Sn,
+400 < "#0g7/2 < !800 keV. We note that the adjustment
to the 0g7/2 fractional occupancy was not used in the deter-
mination of the effective single-particle energies, and this is
reflected in the uncertainties.

V. ANALYSIS OF RESULTS IN THE BCS FRAMEWORK

The simple pairing approximation, based on the BCS con-
cept [49,50], can relate the occupation numbers, U 2 and
V 2 (emptiness and fullness, such that U 2 + V 2 = 1) to the
effective single-particle energies, the Fermi energy $, and
the pairing gap ". In the early transfer reaction studies on
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FIG. 10. The distribution of the effective single-neutron ener-
gies about the Fermi surface for 112!124Sn (a)–(g) as a function of
fractional occupancy, V 2. The solid curves are the BCS occupation
probabilities calculated with parameters of $ varying smoothly from
!9.4 MeV to !7.3 MeV across the range and " = 1.2 MeV, as
defined in the text, aside from the dashed lines (d-g) which are for
" = 2 MeV.

the Sn isotopes by the Pittsburg group [2,3], the occupation
numbers extracted from those works were compared to pair-
ing theory, though discrepancies (sometimes by as much as
an MeV) were noted when comparing data to the centroids
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and 1d strength, the high-! data yields remarkable consistency
in the sum rules across the tin isotopes. It is noted that for the
0g7/2 and 0h11/2, N is consistent with similar data presented
in Ref. [42].

The deduced adding and removing strength, along with the
summed strength is given in Table II, along with the centroids
of single-particle strength as determined from the adding and
removing reactions, E±. This is defined as the spectroscopic-
factor weighted energy

E±
j =

!

i

E!±
j (i)S j (i)

"!

i

S j (i), (3)

where E! is the energy of a given excited state i in an orbital
j. The centroids are used in the determination of effective
single-particle energies in the following section. The uncer-
tainties, dE±, in the centroids are estimated to be "30 !
dE ! +150 keV, except in cases where it the strength is
dominated by the ground state or a single low low-lying state,
then the lower limit has an uncertainty of typically a keV or so.
The upper limit is a conservative estimate, taking into account

TABLE II. The summed neutron strength G± determined from
the removing and adding reactions and the energy centroids, E±, in
keV. The uncertainties G and E are discussed in the text.

G"
2s1/2

G+
2s1/2

E"
2s1/2

E+
2s1/2

112Sn 0.33(3) 1.8(2) 507 441
114Sn 0.43(4) 1.2(1) 299 183
116Sn 0.76(7) 1.1(1) 222 130
118Sn 0.85(7) 1.0(1) 10 135
120Sn 0.93(8) 0.84(7) 161 81
122Sn 1.1(1) 0.89(8) 69 221
124Sn 1.3(1) 0.66(6) 237 215

G"
1d3/2

G+
1d3/2

E"
1d3/2

E+
1d3/2

112Sn 0.59(1) 3.8(2) 654 510
114Sn 0.82(4) 3.4(2) 680 578
116Sn 0.93(4) 3.5(2) 673 159
118Sn 1.11(5) 3.2(2) 193 24
120Sn 1.5(1) 2.4(1) 24 121
122Sn 1.8(1) 2.7(1) 43 25
124Sn 2.2(1) 2.15(10) 25 28

G"
1d5/2

G+
1d5/2

E"
1d5/2

E+
1d5/2

112Sn 4.8(3) 1.8(1) 226 630
114Sn 4.6(3) 1.3(1) 473 1271
116Sn 5.2(4) 0.86(6) 1041 1092
118Sn 4.7(3) 1.1(1) 1091 1108
120Sn 4.7(3) 0.98(7) 1143 1191
122Sn 4.9(4) 0.96(7) 1230 1290
124Sn 4.6(3) 0.69(5) 1330 1363

G"
0g7/2

G+
0g7/2

E"
0g7/2

E+
0g7/2

112Sn 5.9(1) 2.46(4) 147 77
114Sn 6.1(1) 2.22(4) 151 944
116Sn 6.4(1) 1.65(3) 671 712
118Sn 6.0+0.3

"0.1 0.6(1) 712 787
120Sn 5.8+0.2

"0.1 0.9(2) 787 926
122Sn 4.2+0.6

"0.1 0.7(1) 926 1044
124Sn 4.7+3.0

"0.1 0.3(1) 1135 1363

G"
0h11/2

G+
0h11/2

E"
0h11/2

E+
0h11/2

112Sn 1.66(3) 10.7(2) 979 767
114Sn 2.36(4) 9.8(2) 738 815
116Sn 3.19(6) 8.4(2) 858 315
118Sn 4.14(7) 7.5(1) 315 90
120Sn 5.5(1) 6.8(1) 90 6
122Sn 6.3(1) 5.5(1) 6 0
124Sn 7.4(1) 4.7(1) 0 0

possible unobserved strength. The uncertainties are larger
for the 0g7/2 orbital for 118–124Sn, estimated to be around
300 keV.

The rms spread can provide a measure of the uncertainties
in the summed strengths, the consistency in the normalizations
for different orbitals adding up to 2J + 1 for each isotope. The
internal consistency of the data and the normalization proce-
dure work to a level better than a few percent. The principal
uncertainties in the sums are from possible missed strength,
as evidenced by the ! = 4 missing strength already discussed.
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Derived experimentally from centroids of single-particle strength and then applying the 
Baranger prescription. SFs, OMPs, come into this (along with other systematics)

Baranger, Nucl. Phys. A 149, 225 (1970)
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FIG. 7. A comparison of the fractional occupancies determined
in this work compared with shell-model calculations from Ref. [45],
for which information is available for the 1d5/2, 0g7/2, and 0h11/2

orbitals for 102 ! A ! 132, and for the 2s1/2 and 1d3/2, 112 ! A !
124 only.

IV. SINGLE-PARTICLE ENERGIES

The effective single-particle energies, ! j , can be deter-
mined from the centroids of single-particle strength for the
adding and removing reactions, that are derived as described
in Eq. (3). The effective single-particle energy was formally
defined by Baranger [46], and is equivalent in definition to the
monopole formulation discussed in the recent review article
of Otsuka et al. [47], which has been used extensively in
describing the evolution of effective single-particle energies
with neutron excess.

The effective single-particle energies, ! j , are defined as
the combination of the centroids of single-particle strength,
E±, [Eq. (3)], and on an absolute scale with respect to zero
binding, as

! j =
E !+

j G+
j + E !"

j G"
j

G+
j + G"

j
, (4)

where G± are the normalized summed strengths of Table II
and

E !+
j = "B(A + 1) + E+

j (5)

with B being the binding energy of the target plus a neutron
system in the adding reaction and E+ the centroid of Eq. (3).
Similarly,

E !"
j = "B(A) " E"

j . (6)

Figure 8 shows the effective single-neutron energies as
determined using Eq. (4) for 0g7/2, 1d5/2, 2s1/2, 1d3/2, and
0h11/2 orbitals. Numerical values are given in Table IV. The
binding energy of all of these orbitals deceases slowly across
the tin isotopes, each at essentially the same rate of around
50–100 keV per additional neutron. By contrast, the proton
orbitals’ binding energies change by #350-400 keV per ad-
ditional neutron over the same range [39] as shown in Fig. 9.
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FIG. 8. The effective single-particle energies for neutron orbitals
across the stable, even-A tin isotopes.

The contrast is striking—the neutron single-particle states be-
come less bound slowly, while the proton single particle states
become much more bound with increasing neutron number.
This pattern is being studied more broadly [48].

Another striking feature is the near degeneracy of the 2s1/2,
1d3/2, and 0h11/2 orbitals, which fill in parallel across the
isotopic chain, and similarly that of the other two orbitals
1d5/2 and 0g7/2, that are already mostly filled across the same
region. The two degenerate groupings are well separated by
around 2 MeV, similar in magnitude to the pairing gap. This
suggests strong correlations within each of the two sets of de-
generate orbitals, and some, considerably weaker, correlation
between the two.

The uncertainties on the effective single-particle energies
reflect those in the summed strength from adding and re-
moving reactions, and the same considerations with regards
to reaction modeling, unassigned and misassigned strength.
We note that the magnitude of the normalization factor, Nj ,

TABLE IV. Effective single-particle energies in MeV. Uncertain-
ties are discussed in the text.

2s1/2 1d3/2 1d3/2 0g7/2 0h11/2

112Sn "7.9(3) "7.8(2) "10.0(2) "10.0(2) "7.62(15)
114Sn "8.2(3) "7.7(2) "9.8(2) "9.4(2) "7.56(15)
116Sn "8.0(3) "7.5(2) "9.9(2) "9.4(2) "7.67(15)
118Sn "7.7(3) "7.2(2) "9.5(2) "9.7 +0.4

"0.6 "7.55(15)
120Sn "7.8(3) "7.2(2) "9.3(2) "9.4 +0.4

"0.6 "7.52(15)
122Sn "7.5(3) "7.1(2) "9.2(2) "9.2 +0.4

"0.8 "7.49(15)
124Sn "7.6(3) "7.1(2) "9.1(2) "9.4 +0.4

"0.8 "7.41(15)
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splitting as the 1p1=2 moved close to threshold. This
demonstrated that while such effects are most pronounced
for zero-angular-momentum neutrons, they are also sig-
nificant for an angular momentum of 1 unit for which the
centrifugal barrier is still relatively small, at !500 keV.
In the following, we will discuss how the changes

observed experimentally for 1p3=2 and 1p1=2 states from
Ca to Si can be described in terms of the proximity of
the p1=2 orbital to the neutron threshold. To explore such
effects, calculations were carried out with a Woods-Saxon
potential using the code of Volya [12] and several estab-
lished parameter sets characterizing the neutron-nucleus
potential. In Fig. 2 we show the binding energies of the 1p
levels from experiment for 34Si! n and 40Ca! n and from
Woods-Saxon calculations with potential parameters
r0 " 1.28 fm, a " 0.63 fm, rso0 " 1.1, aso " 0.65 fm,
and Vso " 6 MeV (as used in Ref. [8]). The depth of
the potential was chosen to reproduce the binding of the
1p3=2 orbital. Note that the spin-orbit potential is the same
for both Si and Ca.
Immediately it can be seen that the general feature, a

decrease of!1 MeV in the separation of the 1p3=2 and 1p1=2
states, is reproduced by the calculations without any change
to the spin-orbit strength. At 35Si the 1p1=2 orbital is just
bound by a few hundred keV. With no experimental
information yet available on the fragmentation of the 1p
states, it is possible the 1p are slightly less bound as
fragmentation would most likely shift the centroid that way.
Other Woods-Saxon calculations using a range of

sensible parameters, for example, r0 " 1.25–1.28 fm,
a " 0.60–0.75 fm, rso0 " 1.1, aso " 0.65–0.80 fm, and
Vso " 6–7.5 MeV, were explored. In these cases, the depth
of the binding potential was again chosen to reproduce the
experimental binding energy of the 1p3=2 orbital. Typical

potential depths for 40Ca! n were around 52 MeV and for
34Si! n, 47 MeV, consistent with the global parameter-
ization of Ref. [13]. For some of the parameter sets, the
1p1=2 is just slightly bound (by a few hundred keV) and
for others slightly unbound. The change in the separation
between the 1p3=2 and 1p1=2 spin-orbit partners from
41Ca to 35Si is relatively insensitive to the choice of the
parameters, varying from around 0.7–0.9 MeV. The relative
proximity of these orbitals to the separation threshold is
what dominates the change in separation between the 1p
orbitals, without invoking a weakening of the spin-
orbit force.
Figure 3 shows the difference in binding energies of the

1p3=2 and 1p1=2 neutron single-particle orbitals from the
experimental data and from the Woods-Saxon calculations
described above. The shaded band showing the theoretical
calculations is an indication of the range of uncertainties
associated with the choice of reasonable Woods-Saxon
parameters. The parameters characterizing the spin-orbit
interaction were fixed, being the same for all nuclei in the
calculations.
Key to all calculations is that the 1p1=2 orbital approaches

the neutron separation threshold in a manner similar to the
experimental data.As the state approaches threshold itmoves
more slowly with changing potential well depth and/or
changing potential radius. The 1p3=2 orbital is more deeply
bound and it moves more rapidly in energy as the nucleus
gets smaller. Since the dominant features of the experimental
data are quantitatively described by the consequences of
weak-binding effects on the 1p1=2 orbital, this effect must
be taken into account before discussing any changes in the
spin-orbit interaction strength.
The lingering below threshold is associated with

extended rms radii. While bound states with higher l

(a) (b)

FIG. 2. For (a) 35Si and (b) 41Ca, a comparison of the
experimentally determined binding energies (Exp.) [6] of the
1p orbitals with those obtained from Woods-Saxon calculations
(WS) with a fixed spin-orbit potential, potential depths of
47.0 MeV (35Si) and 51.8 MeV (41Ca), and parameters given
in the text.

FIG. 3. A comparison between experimental spin-orbit splitting
of the 1p states at N " 21 for 14 " Z " 20 compared with
calculations of the same splittings in a Woods-Saxon potential
with a fixed spin-orbit strength. The width of the shaded region
is to give a measure of the uncertainties associated with the
calculations. The uncertainties on the experimental data points
are discussed in Ref. [6].
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Beautiful results from the relocated/rejuvenated/reinvigorated Yale Enge SPS at FSU in a study 
of 50Ti(d,p), looking at the p3/2, p1/2, and f5/2 strength ... the summed strengths being 0.64, 0.64, 
and 0.53 ...

L. A. RILEY et al. PHYSICAL REVIEW C 103, 064309 (2021)

FIG. 1. E (2+
1 ) for the N = 28–40 isotopes of Ca, Ti, Cr, Fe, and

Ni [3–13].

Furthermore, the 54Fe(d, p) 55Fe reaction should be remea-
sured to investigate an anomalous result—the collapse of the
p3/2-p1/2 spin-orbit splitting—that appears in the extant re-
sults on this reaction.

II. EXPERIMENTAL DETAILS

A deuteron beam, produced by a SNICS (source of neg-
ative ions by cesium sputtering) with a deuterated titanium
cone, was accelerated to an energy of 16 MeV by the 9 MV
Super FN Tandem Van de Graaff Accelerator at the John D.
Fox Laboratory at Florida State University. The beam was
delivered to a 0.45 mg/cm2 Ti target enriched to 90% in 50Ti
that was mounted in the target chamber of the Super Enge
Split-Pole Spectrograph. The spectrograph was rotated from
scattering angles of 10! to 50! at increments of 5! to capture
angular distributions of protons from the 50Ti(d, p) 51Ti reac-
tion. Protons from the reaction were guided by magnetic fields
to the focal-plane detector consisting of an isobutane-filled
ion chamber with two proportional-counter anode wires at
positive potential running the length of the detector above a
Frisch grid. The Frisch grid allowed for cleaner timing and

spatial resolution. The anode signals measured the charge
each wire collected from the upward drift of the electron
cloud generated by interactions between protons and the gas.
A cathode at the bottom of the gas volume attracted the gas
ions. The anode signals were proportional to the energy loss
dE of the proton. Above the anodes were PC boards with
position pads connected over delay lines with a 5 ns delay
between each pad, which produced a time signal propor-
tional to position in the dispersive direction along the focal
plane, proportional to the proton momentum. A planar plastic
scintillator detector measured the total energy E deposited
by particles passing through the ion chamber. Protons were
separated from deuterons reaching the focal plane detector by
cuts on the E vs dE spectrum.

The only detectable contaminant in the target was 48Ti,
which is the titanium isotope with the greatest natural abun-
dance. A measurement of the 48Ti(d, p) 49Ti reaction was
performed with an enriched target at the same beam energy
(16 MeV) to allow the identification of contaminant peaks in
the 50Ti(d, p) 51Ti spectrum.

III. EXPERIMENTAL RESULTS

A representative proton magnetic rigidity spectrum col-
lected at a scattering angle of 25! is shown in Fig. 2. Peaks
are labeled according to the scheme used in Table I. We have
adopted the labels used in Ref. [14] for states 0–21. States
22–28 have been observed via the (d, p) reaction for the first
time in the present work. We used two-body kinematics and
the energies of states in 51Ti and 13C with energies known to
< 1 keV precision to perform a magnetic rigidity calibration
to determine proton momentum. The unlabeled peaks in Fig. 2
are from the 48Ti contaminant.

The magnetic rigidity spectrum measured at each scat-
tering angle was fit using a linear combination of Gaussian
functions with a quadratic background. The proton yields
corresponding to each state in 51Ti were used to produce the
measured proton angular distributions shown in Figs. 3–5. The
absolute cross sections were determined to be accurate to an
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FIG. 6. (a) Measured f5/2 and p1/2 single neutron energy cen-
troids, relative to the p3/2 energy, from the present work and
Refs. [24–26] compared with the covariant density functional theory
approach described in the text. (b) Single neutron binding energies
calculated using the covariant density functional theory.

Assuming that the 4820, 4882, 5001, and 5431 keV states
have J! = 5/2! (so that the centroid for f5/2 is 3743 keV
above the ground state), the f5/2 orbit is 3171(149) keV above
the p3/2 orbit.

We close this section with the caveat that it is possible
that we have not observed all the weak fragments of the neu-
tron orbits we have examined here. The possibility that such
fragments exist—particularly at the higher energies studied
here—introduces a further source of uncertainty to our results.

V. DISCUSSION

Single particle energies are not static. Instead, they vary as
a function of proton and neutron numbers. The top panel of
Fig. 6 shows the present results for 51Ti and the single neutron
energy centroids for the p1/2 and f5/2 orbitals relative to the
p3/2 orbital for the N = 29 isotones 49Ca, 53Cr, and 55Fe from
(d, p) results compiled by the National Nuclear Data Center
[24–26].

These experimental results require some explanation. The
48Ca(d, p) 49Ca measurement [1] cited in Ref. [24] was
performed with polarized deuterons, so that there is no un-
certainty in the spins of the measured states.

The situation in 53Cr is similar to that in 51Ti: There are
states with L = 1 and L = 3 for which the spins are uncertain.

That is, some of the L = 1 states (at 2454, 2723, 3587, 4610,
and 5557 keV) might have J! values of either 1/2! or 3/2!.
The gap between the p3/2 and p1/2 single neutron energies
is a minimum if all five of these states have J! = 3/2!, and
that minimum gap is 1162 keV. The gap is a maximum if all
five of those states have J! = 1/2!, and that maximum gap is
1813 keV. Therefore, the p3/2-p1/2 gap in 53Cr is 1488(326)
keV. As we did in 51Ti, we assume that all of the L = 3
states with unknown J! values (at 2664, 3005, and 4666 keV)
have J! = 5/2!. That gives a p3/2- f5/2 energy difference of
1424(165) keV, a much smaller energy difference than in 51Ti,
where that difference is 3138(184) keV.

The 54Fe(d, p) 55Fe reaction has been studied with a polar-
ized beam, so there is considerably more certainty regarding
J! values. There are spectroscopic factors determined for five
3/2! states (the ground state and excited states at 2052, 2471,
3035, and 3553 keV), which give a p3/2 centroid of 581
keV above the ground state. Spectroscopic factors have been
determined for three 1/2! states (413, 1919, and 5775 keV),
which give a centroid for the p1/2 neutron orbit of 939 keV.
This results in a gap of only 358 keV between these spin-orbit
partners, which is much smaller than the corresponding gaps
in 51Ti and 53Cr of about 1.4 MeV. It is unlikely that the spin-
orbit splitting changes this dramatically so quickly; therefore,
a remeasurement of the 54Fe(d, p) 55Fe reaction should be
performed.

Spectroscopic factors have been determined for three 5/2!

states in 55Fe (at 933, 2144, and 4057 keV), which gives a
centroid for the f5/2 neutron orbit of 1360 keV above the
ground state, only 779 keV above the p3/2 single neutron
energy.

Figure 5(a) also includes the results of theoretical predic-
tions made in the framework of covariant density functional
theory. The bottom panel of Fig. 6 shows the theoretical pre-
dictions as binding energies. In covariant density functional
theory, the basic constituents are protons and neutrons inter-
acting via the exchange of various self-interacting mesons and
the photon. Nucleons satisfy a Dirac equation in the presence
of strong scalar and vector potentials that are the hallmark of
the relativistic approach. In particular, the strong potentials
provide a natural explanation for the strong spin-orbit splitting
characteristic of atomic nuclei. Equally natural within the
relativistic framework is the explanation of the pseudo-spin
symmetry that encodes the relatively small energy gaps of
pseudo-spin-orbit partners (s1/2-d3/2, p3/2- f5/2, etc.) [27]. In-
deed, whereas spin-orbit partners have upper components of
Dirac orbitals that share the same value of the orbital angular
momentum (e.g., l =1 for p3/2-p1/2), it is the orbital angular
momentum of the lower components that is the same for
pseudo-spin-orbit partners (e.g., l =2 for p3/2- f5/2).

The evolution of single particle gaps was predicted using
the covariant energy density functional FSUGARNET [28] that
was calibrated using the fitting protocol described in Ref. [29].
In a mean-field approximation one must solve a nonlinear set
of differential equation self-consistently. That is, the single
particle orbitals satisfying the Dirac equation are generated
from the various meson fields which, in turn, satisfy Klein-
Gordon equations with the appropriate ground-state densities
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using the tandem facility at Munich. The (d, p), (d, t), and
(p, d) reactions were carried out on targets of 170Er and 174Yb.
The (d, p) and (d, t) reactions were carried out at the same
energy of 12 MeV as the NBI measurements and the (p, d)
reaction at 18 MeV. As noted above, DWBA cross sections
for the (d, t) reaction are more sensitive to choices of bound-
state and optical-model potentials than the (p, d) reaction,
so measurements with the latter reaction might reveal some
further insights into the reaction mechanism and analyses. The
(d, p) and (p, d) reactions were carried out at energies ideal
for " = 1 and 3 transfer, a few MeV/u above the Coulomb
barrier in the entrance and exit channels [2,3], where cross
sections are larger and the angular distributions more forward
peaked and distinctive. This is in contrast to the (d, t) reaction
where the tritons are closer to the barrier in the exit channel.

The data were taken and cross sections deduced in the same
manner as those described in detail in Ref. [33]. Beams of 12-
MeV deuterons and 18-MeV protons were delivered from the
MP tandem accelerator at the Maier-Leibnitz Laboratorium
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FIG. 2. The occupancy, derived from the average of the adding
and removing strength as determined from the NBI data [12–16], as
a function of neutron number, N .

(MLL) to the Q3D spectrometer [34], which was used to
momentum analyze the reaction products.

The product of the target thickness and spectrometer
aperture were determined from elastic-scattering yields of
12-MeV deuterons at #lab = 20". Under these conditions, the
cross section is estimated to be within 1% of the Rutherford
scattering cross section. The 170Er and 174Yb targets, isotopi-
cally enriched to 96.1% and 95.8% and supported on carbon
backings of nominal thickness 20 µg/cm2, were determined
to have a thickness of 44(2) and 50(3) µg/cm2, respectively.

Yields from the (d, p) and (d, t) reactions were also mea-
sured at 12 MeV to follow the previous NBI studies. For the
(d, p) measurements, the cross sections were determined at
angles of #lab = 60" and 90", again used in the NBI studies,
and an additional angle of 40". Similarly, with the (d, t) mea-
surements, data were collected at angles of #lab = 60" and 90",
as well as #lab = 30" for 170Er. The additional angles were
added to guide choices in the optical-model parametrizations
used in the analysis. The (p, d) reaction has more distinctive
forward-peaked angular distributions and the (d, p) and (d, t)
reactions. The (p, d) reaction yields were measured at #lab =
17" and 38", which were estimated to be the peak angles for
" = 1 and 3 transfer cross sections. For the 174Yb(p, d) reac-
tion, only #lab = 17" data were analyzed due to an incorrect
field setting at #lab = 38".

Example spectra are shown in Fig. 3 for each reaction.
The spectra were calibrated by using well-known states in the
literature and the bands of interest are labeled, emphasizing
the distinctive fingerprints of their energies and strengths.
Due to the dispersion of the Q3D spectrometer, only a small
range of excitation energy is probed in one magnet setting.
The Q-value resolution achieved was #10 keV FWHM across
the different reactions. The broad background features seen
in the (d, p) reaction spectra are from the carbon backings
and were also seen in the original NBI data, however, due to
the dispersion of the Munich Q3D spectrograph, these appear
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(Past) Study of rare-earth nuclei tracking the two-fold degeneracy (occupancy) of Nilsson 
orbitals. Nilsson model seen resurgence in terms of interpreting light neutron-rich nuclei*.

*For example, A. O. Macchiavelli et al., Phys. Rev. C 101, 044319 (2020)
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FIG. 3. (a) Excitation-energy spectra for the 170Er(d, p) 171Er re-
action at 12 MeV for !lab = 90!. States belonging to the 5/2"[512]
(blue lines, text) and 1/2"[521] (black lines, text) Nilsson config-
urations are labeled by their energy and spin. The states with their
spin value given in a rectangle are those of interest in this work.
The lines connect the states in a given band, highlighting their
similarities in each isotope. (b) The same as in panel (a) for the
174Yb(d, p) 175Yb reaction at 12 MeV for !lab = 90!. (c) Yields for
both the 170Er(p, d ) 169Er reaction at 18 MeV for !lab = 17! (black
histogram) and the 170Er(d, t ) 169Er reaction at 12 MeV for !lab = 90!

(red histogram). (d) The same reactions as in panel (c) on the 174Yb
target.

as broad, weak peaks. The absolute cross sections, which
are given in the Supplemental Material [35], have estimated
uncertainties of around 5%.

The Munich (MLL) data for the (d, p) and (d, t) reactions
were analyzed in the same way as that described above for

TABLE II. Comparison of normalization factors derived from the
Niels Bohr Institute (NBI) data and the Munich (MLL) data.

Isotope(s) Reactions Dataset N

Alla (d, p) & (d, t) NBI 1.18(15)
170Er & 174Yb (d, p) & (d, t) MLL 1.08(6)
170Er & 174Yb (d, p) & (p, d) MLL 0.71(10)

aAll 21 cases used in the analyses shown in Table I.

the reanalysis of the NBI data. As with the NBI dataset, the
results from the Munich experiment reveal consistent summed
strengths [Eq. (2)] across the nuclei studied and the differ-
ent Nilsson states. Table II summarizes the normalization
factors derived from these analyses. The (d, p) and (d, t)
datasets from NBI and MLL are in close agreement, with
N = 1.18(15) and 1.08(6), respectively.

In the case of the new (p, d) data, the same proton and
deuteron optical-model parametrizations were used as for the
(d, p) analysis. As with the analysis of the (d, p) and (d, t)
reactions, good consistency is seen in the summed strengths
determined from the (d, p) and (p, d) reactions, across the dif-
ferent isotopes and states of different angular momenta. The
normalization for MLL (d, p) and (p, d) sums is lower, with
N = 0.71(10), which is a value in line with data from spher-
ical systems. A comparison of the NBI and MLL datasets for
(d, p), (d, t), and (p, d) data is shown in Fig. 4.

The value of the normalization describes the degree to
which single-particle motion is quenched. In these deformed
nuclei, when the normalization value is determined from the
summed strength derived from the (d, p) and (d, t) reactions
at incident-beam energies of 12 MeV, there is no apparent
quenching, with N # 1. However, when determined from
the neutron-adding (d, p) reaction at 12 MeV, but with the
neutron-removing strength calculated using yields from the
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FIG. 3. (a) Excitation-energy spectra for the 170Er(d, p) 171Er re-
action at 12 MeV for !lab = 90!. States belonging to the 5/2"[512]
(blue lines, text) and 1/2"[521] (black lines, text) Nilsson config-
urations are labeled by their energy and spin. The states with their
spin value given in a rectangle are those of interest in this work.
The lines connect the states in a given band, highlighting their
similarities in each isotope. (b) The same as in panel (a) for the
174Yb(d, p) 175Yb reaction at 12 MeV for !lab = 90!. (c) Yields for
both the 170Er(p, d ) 169Er reaction at 18 MeV for !lab = 17! (black
histogram) and the 170Er(d, t ) 169Er reaction at 12 MeV for !lab = 90!

(red histogram). (d) The same reactions as in panel (c) on the 174Yb
target.

as broad, weak peaks. The absolute cross sections, which
are given in the Supplemental Material [35], have estimated
uncertainties of around 5%.

The Munich (MLL) data for the (d, p) and (d, t) reactions
were analyzed in the same way as that described above for

TABLE II. Comparison of normalization factors derived from the
Niels Bohr Institute (NBI) data and the Munich (MLL) data.

Isotope(s) Reactions Dataset N

Alla (d, p) & (d, t) NBI 1.18(15)
170Er & 174Yb (d, p) & (d, t) MLL 1.08(6)
170Er & 174Yb (d, p) & (p, d) MLL 0.71(10)

aAll 21 cases used in the analyses shown in Table I.

the reanalysis of the NBI data. As with the NBI dataset, the
results from the Munich experiment reveal consistent summed
strengths [Eq. (2)] across the nuclei studied and the differ-
ent Nilsson states. Table II summarizes the normalization
factors derived from these analyses. The (d, p) and (d, t)
datasets from NBI and MLL are in close agreement, with
N = 1.18(15) and 1.08(6), respectively.

In the case of the new (p, d) data, the same proton and
deuteron optical-model parametrizations were used as for the
(d, p) analysis. As with the analysis of the (d, p) and (d, t)
reactions, good consistency is seen in the summed strengths
determined from the (d, p) and (p, d) reactions, across the dif-
ferent isotopes and states of different angular momenta. The
normalization for MLL (d, p) and (p, d) sums is lower, with
N = 0.71(10), which is a value in line with data from spher-
ical systems. A comparison of the NBI and MLL datasets for
(d, p), (d, t), and (p, d) data is shown in Fig. 4.

The value of the normalization describes the degree to
which single-particle motion is quenched. In these deformed
nuclei, when the normalization value is determined from the
summed strength derived from the (d, p) and (d, t) reactions
at incident-beam energies of 12 MeV, there is no apparent
quenching, with N # 1. However, when determined from
the neutron-adding (d, p) reaction at 12 MeV, but with the
neutron-removing strength calculated using yields from the
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using the tandem facility at Munich. The (d, p), (d, t), and
(p, d) reactions were carried out on targets of 170Er and 174Yb.
The (d, p) and (d, t) reactions were carried out at the same
energy of 12 MeV as the NBI measurements and the (p, d)
reaction at 18 MeV. As noted above, DWBA cross sections
for the (d, t) reaction are more sensitive to choices of bound-
state and optical-model potentials than the (p, d) reaction,
so measurements with the latter reaction might reveal some
further insights into the reaction mechanism and analyses. The
(d, p) and (p, d) reactions were carried out at energies ideal
for " = 1 and 3 transfer, a few MeV/u above the Coulomb
barrier in the entrance and exit channels [2,3], where cross
sections are larger and the angular distributions more forward
peaked and distinctive. This is in contrast to the (d, t) reaction
where the tritons are closer to the barrier in the exit channel.

The data were taken and cross sections deduced in the same
manner as those described in detail in Ref. [33]. Beams of 12-
MeV deuterons and 18-MeV protons were delivered from the
MP tandem accelerator at the Maier-Leibnitz Laboratorium
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FIG. 2. The occupancy, derived from the average of the adding
and removing strength as determined from the NBI data [12–16], as
a function of neutron number, N .

(MLL) to the Q3D spectrometer [34], which was used to
momentum analyze the reaction products.

The product of the target thickness and spectrometer
aperture were determined from elastic-scattering yields of
12-MeV deuterons at #lab = 20". Under these conditions, the
cross section is estimated to be within 1% of the Rutherford
scattering cross section. The 170Er and 174Yb targets, isotopi-
cally enriched to 96.1% and 95.8% and supported on carbon
backings of nominal thickness 20 µg/cm2, were determined
to have a thickness of 44(2) and 50(3) µg/cm2, respectively.

Yields from the (d, p) and (d, t) reactions were also mea-
sured at 12 MeV to follow the previous NBI studies. For the
(d, p) measurements, the cross sections were determined at
angles of #lab = 60" and 90", again used in the NBI studies,
and an additional angle of 40". Similarly, with the (d, t) mea-
surements, data were collected at angles of #lab = 60" and 90",
as well as #lab = 30" for 170Er. The additional angles were
added to guide choices in the optical-model parametrizations
used in the analysis. The (p, d) reaction has more distinctive
forward-peaked angular distributions and the (d, p) and (d, t)
reactions. The (p, d) reaction yields were measured at #lab =
17" and 38", which were estimated to be the peak angles for
" = 1 and 3 transfer cross sections. For the 174Yb(p, d) reac-
tion, only #lab = 17" data were analyzed due to an incorrect
field setting at #lab = 38".

Example spectra are shown in Fig. 3 for each reaction.
The spectra were calibrated by using well-known states in the
literature and the bands of interest are labeled, emphasizing
the distinctive fingerprints of their energies and strengths.
Due to the dispersion of the Q3D spectrometer, only a small
range of excitation energy is probed in one magnet setting.
The Q-value resolution achieved was #10 keV FWHM across
the different reactions. The broad background features seen
in the (d, p) reaction spectra are from the carbon backings
and were also seen in the original NBI data, however, due to
the dispersion of the Munich Q3D spectrograph, these appear
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Another puzzle/question
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(Past) Study of rare-earth nuclei tracking the two-fold degeneracy (occupancy) of Nilsson 
orbitals. Nilsson model seen resurgence in terms of interpreting light neutron-rich nuclei*.

*For example, A. O. Macchiavelli et al., Phys. Rev. C 101, 044319 (2020)
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FIG. 3. (a) Excitation-energy spectra for the 170Er(d, p) 171Er re-
action at 12 MeV for !lab = 90!. States belonging to the 5/2"[512]
(blue lines, text) and 1/2"[521] (black lines, text) Nilsson config-
urations are labeled by their energy and spin. The states with their
spin value given in a rectangle are those of interest in this work.
The lines connect the states in a given band, highlighting their
similarities in each isotope. (b) The same as in panel (a) for the
174Yb(d, p) 175Yb reaction at 12 MeV for !lab = 90!. (c) Yields for
both the 170Er(p, d ) 169Er reaction at 18 MeV for !lab = 17! (black
histogram) and the 170Er(d, t ) 169Er reaction at 12 MeV for !lab = 90!

(red histogram). (d) The same reactions as in panel (c) on the 174Yb
target.

as broad, weak peaks. The absolute cross sections, which
are given in the Supplemental Material [35], have estimated
uncertainties of around 5%.

The Munich (MLL) data for the (d, p) and (d, t) reactions
were analyzed in the same way as that described above for

TABLE II. Comparison of normalization factors derived from the
Niels Bohr Institute (NBI) data and the Munich (MLL) data.

Isotope(s) Reactions Dataset N

Alla (d, p) & (d, t) NBI 1.18(15)
170Er & 174Yb (d, p) & (d, t) MLL 1.08(6)
170Er & 174Yb (d, p) & (p, d) MLL 0.71(10)

aAll 21 cases used in the analyses shown in Table I.

the reanalysis of the NBI data. As with the NBI dataset, the
results from the Munich experiment reveal consistent summed
strengths [Eq. (2)] across the nuclei studied and the differ-
ent Nilsson states. Table II summarizes the normalization
factors derived from these analyses. The (d, p) and (d, t)
datasets from NBI and MLL are in close agreement, with
N = 1.18(15) and 1.08(6), respectively.

In the case of the new (p, d) data, the same proton and
deuteron optical-model parametrizations were used as for the
(d, p) analysis. As with the analysis of the (d, p) and (d, t)
reactions, good consistency is seen in the summed strengths
determined from the (d, p) and (p, d) reactions, across the dif-
ferent isotopes and states of different angular momenta. The
normalization for MLL (d, p) and (p, d) sums is lower, with
N = 0.71(10), which is a value in line with data from spher-
ical systems. A comparison of the NBI and MLL datasets for
(d, p), (d, t), and (p, d) data is shown in Fig. 4.

The value of the normalization describes the degree to
which single-particle motion is quenched. In these deformed
nuclei, when the normalization value is determined from the
summed strength derived from the (d, p) and (d, t) reactions
at incident-beam energies of 12 MeV, there is no apparent
quenching, with N # 1. However, when determined from
the neutron-adding (d, p) reaction at 12 MeV, but with the
neutron-removing strength calculated using yields from the
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FIG. 4. Information similar to that given in Fig. 1, comparing the
new MLL data to the NBI data, labeled by the source of the data and
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["n] as indicated. The (p, d) data are also hatched to distinguish
them from the (d, t) data.
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FIG. 3. (a) Excitation-energy spectra for the 170Er(d, p) 171Er re-
action at 12 MeV for !lab = 90!. States belonging to the 5/2"[512]
(blue lines, text) and 1/2"[521] (black lines, text) Nilsson config-
urations are labeled by their energy and spin. The states with their
spin value given in a rectangle are those of interest in this work.
The lines connect the states in a given band, highlighting their
similarities in each isotope. (b) The same as in panel (a) for the
174Yb(d, p) 175Yb reaction at 12 MeV for !lab = 90!. (c) Yields for
both the 170Er(p, d ) 169Er reaction at 18 MeV for !lab = 17! (black
histogram) and the 170Er(d, t ) 169Er reaction at 12 MeV for !lab = 90!

(red histogram). (d) The same reactions as in panel (c) on the 174Yb
target.

as broad, weak peaks. The absolute cross sections, which
are given in the Supplemental Material [35], have estimated
uncertainties of around 5%.

The Munich (MLL) data for the (d, p) and (d, t) reactions
were analyzed in the same way as that described above for

TABLE II. Comparison of normalization factors derived from the
Niels Bohr Institute (NBI) data and the Munich (MLL) data.

Isotope(s) Reactions Dataset N

Alla (d, p) & (d, t) NBI 1.18(15)
170Er & 174Yb (d, p) & (d, t) MLL 1.08(6)
170Er & 174Yb (d, p) & (p, d) MLL 0.71(10)

aAll 21 cases used in the analyses shown in Table I.

the reanalysis of the NBI data. As with the NBI dataset, the
results from the Munich experiment reveal consistent summed
strengths [Eq. (2)] across the nuclei studied and the differ-
ent Nilsson states. Table II summarizes the normalization
factors derived from these analyses. The (d, p) and (d, t)
datasets from NBI and MLL are in close agreement, with
N = 1.18(15) and 1.08(6), respectively.

In the case of the new (p, d) data, the same proton and
deuteron optical-model parametrizations were used as for the
(d, p) analysis. As with the analysis of the (d, p) and (d, t)
reactions, good consistency is seen in the summed strengths
determined from the (d, p) and (p, d) reactions, across the dif-
ferent isotopes and states of different angular momenta. The
normalization for MLL (d, p) and (p, d) sums is lower, with
N = 0.71(10), which is a value in line with data from spher-
ical systems. A comparison of the NBI and MLL datasets for
(d, p), (d, t), and (p, d) data is shown in Fig. 4.

The value of the normalization describes the degree to
which single-particle motion is quenched. In these deformed
nuclei, when the normalization value is determined from the
summed strength derived from the (d, p) and (d, t) reactions
at incident-beam energies of 12 MeV, there is no apparent
quenching, with N # 1. However, when determined from
the neutron-adding (d, p) reaction at 12 MeV, but with the
neutron-removing strength calculated using yields from the
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["n] as indicated. The (p, d) data are also hatched to distinguish
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FIG. 3. (a) Excitation-energy spectra for the 170Er(d, p) 171Er re-
action at 12 MeV for !lab = 90!. States belonging to the 5/2"[512]
(blue lines, text) and 1/2"[521] (black lines, text) Nilsson config-
urations are labeled by their energy and spin. The states with their
spin value given in a rectangle are those of interest in this work.
The lines connect the states in a given band, highlighting their
similarities in each isotope. (b) The same as in panel (a) for the
174Yb(d, p) 175Yb reaction at 12 MeV for !lab = 90!. (c) Yields for
both the 170Er(p, d ) 169Er reaction at 18 MeV for !lab = 17! (black
histogram) and the 170Er(d, t ) 169Er reaction at 12 MeV for !lab = 90!

(red histogram). (d) The same reactions as in panel (c) on the 174Yb
target.

as broad, weak peaks. The absolute cross sections, which
are given in the Supplemental Material [35], have estimated
uncertainties of around 5%.

The Munich (MLL) data for the (d, p) and (d, t) reactions
were analyzed in the same way as that described above for

TABLE II. Comparison of normalization factors derived from the
Niels Bohr Institute (NBI) data and the Munich (MLL) data.

Isotope(s) Reactions Dataset N

Alla (d, p) & (d, t) NBI 1.18(15)
170Er & 174Yb (d, p) & (d, t) MLL 1.08(6)
170Er & 174Yb (d, p) & (p, d) MLL 0.71(10)

aAll 21 cases used in the analyses shown in Table I.

the reanalysis of the NBI data. As with the NBI dataset, the
results from the Munich experiment reveal consistent summed
strengths [Eq. (2)] across the nuclei studied and the differ-
ent Nilsson states. Table II summarizes the normalization
factors derived from these analyses. The (d, p) and (d, t)
datasets from NBI and MLL are in close agreement, with
N = 1.18(15) and 1.08(6), respectively.

In the case of the new (p, d) data, the same proton and
deuteron optical-model parametrizations were used as for the
(d, p) analysis. As with the analysis of the (d, p) and (d, t)
reactions, good consistency is seen in the summed strengths
determined from the (d, p) and (p, d) reactions, across the dif-
ferent isotopes and states of different angular momenta. The
normalization for MLL (d, p) and (p, d) sums is lower, with
N = 0.71(10), which is a value in line with data from spher-
ical systems. A comparison of the NBI and MLL datasets for
(d, p), (d, t), and (p, d) data is shown in Fig. 4.

The value of the normalization describes the degree to
which single-particle motion is quenched. In these deformed
nuclei, when the normalization value is determined from the
summed strength derived from the (d, p) and (d, t) reactions
at incident-beam energies of 12 MeV, there is no apparent
quenching, with N # 1. However, when determined from
the neutron-adding (d, p) reaction at 12 MeV, but with the
neutron-removing strength calculated using yields from the
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FIG. 4. Information similar to that given in Fig. 1, comparing the
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["n] as indicated. The (p, d) data are also hatched to distinguish
them from the (d, t) data.

024319-5



21

0 20 40 60 80 100 120 140 160 180
 [deg]CMθ

1

10

210 [m
b/

sr
]

Ω
/d

σd
Ex=0.00(1s1/2)AK
Ex=0.00(1s1/2)HK
Ex=0.00(1s1/2)BK
Ex=0.00(1s1/2)DK
Ex=0.00(1s1/2)LK
Ex=0.00(1s1/2)QK
Ex=0.00(1s1/2)AV
Ex=0.00(1s1/2)HV
Ex=0.00(1s1/2)BV
Ex=0.00(1s1/2)DV
Ex=0.00(1s1/2)LV
Ex=0.00(1s1/2)QV
Ex=0.00(1s1/2)AM
Ex=0.00(1s1/2)HM
Ex=0.00(1s1/2)BM
Ex=0.00(1s1/2)DM
Ex=0.00(1s1/2)LM
Ex=0.00(1s1/2)QM
Ex=0.00(1s1/2)AG
Ex=0.00(1s1/2)HG
Ex=0.00(1s1/2)BG
Ex=0.00(1s1/2)DG
Ex=0.00(1s1/2)LG
Ex=0.00(1s1/2)QG
Ex=0.00(1s1/2)AP
Ex=0.00(1s1/2)HP
Ex=0.00(1s1/2)BP
Ex=0.00(1s1/2)DP
Ex=0.00(1s1/2)LP
Ex=0.00(1s1/2)QP

Simple calculations (e.g. likely FRIB experiment)

Again, DWBA using Ptolemy and for a simple case of s-wave transfer (arbitrary choice)

32Mg(d,p)33Mg

Relative ease of making these plots made possible by Ryan Tang (FSU) as part of his Simulation Helper code
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Simple calculations (e.g. [possibly] likely FRIB experiment)
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Simple calculations (e.g. [possibly] likely FRIB experiment)
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Simple calculations (e.g. [possibly] likely FRIB experiment)
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Simple calculations (e.g. [possibly] likely FRIB experiment)
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Oddly, (d,t) actually varies less if we 
exclude one set. This seems 
somewhat suspicious.

Simple calculations (e.g. [possibly] likely FRIB experiment)
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Simple calculations (e.g. [possibly similar to a] likely FRIB experiment)
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FRIB and what's next?
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Figure 55: The four panels of this plot show the quenching factors (interchangeable with reduction factors) for (a) lepton-induced knockout reactions [199], (b) both
adding and removing reactions on stable nuclei [200] and two examples with radioactive ion beams [173, 210], (c) proton knockout (p, 2p) reactions on stable nuclei
(from the compilation in [202]) and radioactive nuclei [222, 223], and (d) the intermediate-energy knockout data [37]. [Figures replotted from various sources –
NOTE, need to add error bars on some plots, and define stable and RI beams (particularly for the p2p)] (still to update in v2 of draft, or delete).
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Figure 56: A plot of �S values on the chart of nuclides for ground-state to ground-state transitions for all nuclei with known values of S n and S p in the 2016 Atomic
Mass Evaluation [224]. About 20% have |�S | & 12 MeV.

15 MeV are naturally confined to lighter (below A ⇠ 40)
neutron-rich or -deficient systems. Many of these, and even
those with |�S | & 18 MeV, will be available at new or up-
coming facilities and suitable energies, around 5-15 MeV/u,
to carry out quantitative cross section measurements. It is not
clear that the volume of data will ever match that available from
knockout, nor perhaps go to quite the same extremes in �S . To
avoid the challenges of absolute measurements, it is possible
that cocktail beams of exotic and stable species could be car-
ried out at the same time, allowing for a precise comparisons of

the relative quenching factors.
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"... imply that only ~2/3 of the time a nucleon acts as an 
independent particle bound by an average potential. The 
fraction of ~1/3 of correlated nucleons is larger than 
believed in the past."

 Vijay R. Pandharipande, Ingo Sick, Peter K. A. DeWitt Huberts, Rev. Mod. Phys. 69, 981 (1997)
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Figure 2. Schematic illustration of the distribution of the single-particle strength in stable closed-
shell nuclei.

propagation to low-lying more complicated states. A comparison of the FRPA method with a
large-scale shell-model diagonalization in the same space further confirms the notion that in
some nuclei shell-model correlations can further reduce the spectroscopic factors of protons
by as much as 10–15% (48Ca) but in other cases and for neutrons do not generate very different
results.

The above analysis is illustrated in figure 2. The schematic level scheme illustrates
mean-field proton (or neutron) levels with the traditional occupied states, a few empty bound
single-particle states, and a continuum of scattering states that includes high-momentum states.
Several generic diagrams are indicated that have the properties to admix high-momentum
components in the ground state (top left), deplete the Fermi sea (middle), and fragment the
strength below the Fermi energy (bottom). The right column of the figure identifies where the
strength of a valence proton hole states ends up in a correlated nucleus like 208Pb. The main part
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some nuclei shell-model correlations can further reduce the spectroscopic factors of protons
by as much as 10–15% (48Ca) but in other cases and for neutrons do not generate very different
results.

The above analysis is illustrated in figure 2. The schematic level scheme illustrates
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Figure 55: The four panels of this plot show the quenching factors (interchangeable with reduction factors) for (a) lepton-induced knockout reactions [199], (b) both
adding and removing reactions on stable nuclei [200] and two examples with radioactive ion beams [173, 210], (c) proton knockout (p, 2p) reactions on stable nuclei
(from the compilation in [202]) and radioactive nuclei [222, 223], and (d) the intermediate-energy knockout data [37]. [Figures replotted from various sources –
NOTE, need to add error bars on some plots, and define stable and RI beams (particularly for the p2p)] (still to update in v2 of draft, or delete).
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Figure 56: A plot of �S values on the chart of nuclides for ground-state to ground-state transitions for all nuclei with known values of S n and S p in the 2016 Atomic
Mass Evaluation [224]. About 20% have |�S | & 12 MeV.

15 MeV are naturally confined to lighter (below A ⇠ 40)
neutron-rich or -deficient systems. Many of these, and even
those with |�S | & 18 MeV, will be available at new or up-
coming facilities and suitable energies, around 5-15 MeV/u,
to carry out quantitative cross section measurements. It is not
clear that the volume of data will ever match that available from
knockout, nor perhaps go to quite the same extremes in �S . To
avoid the challenges of absolute measurements, it is possible
that cocktail beams of exotic and stable species could be car-
ried out at the same time, allowing for a precise comparisons of

the relative quenching factors.
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FIG. 2. As for Fig. 1. The trend line given in Eq. 2, as
reported in Ref. [23], and a band of half-width 0.1 (shaded
region) have been superimposed, which summarize the total-
ity of collected data points.

of the theoretically-predicted strength of transitions to
bound final states, and do not provide information on
any individual transition or spectroscopic factor. In par-
ticular, Rs is not an overall scaling factor to be applied to
each contributing theoretical partial cross-section. The
relationship between the model and measured partial
cross sections is expected to be far more complex. For ex-
ample, in the recent 34Si(�n) reaction analysis included
above [22], the measured and model partial cross sections
to 3/2+ and 1/2+ 33Si final states are in broad agreement.
On the other hand, the model calculations predicted a
number of strongly-populated 5/2+ final states, that en-
hance the theoretical inclusive cross section, wheras these
5/2+ states were found to be more weakly populated in
the measurements. So, to better-interpret the deduced
Rs value in each case requires more final-states-exclusive
studies, as are now possible more routinely given the on-
going improvements in both beam intensities and detec-
tion capabilities.

C. Discussion

For the majority of spectroscopic applications, the de-
tails of these absolute cross section comparisons, as quan-
tified by Rs, are secondary. As in essentially all direct-
reaction applications, principally, it is comparisons of the
measured and theoretical relative partial cross-sections
to each final state and, in intermediate-energy removal
reactions, the shapes of their residue momentum distri-
butions, that allow both the dominant transitions and
single-particle configurations of the valence nucleons in
the projectile ground state to be identified. The absolute
inclusive cross section comparisons, shown in Figs. 1
and 2, pose additional and challenging questions of both

the reaction dynamics treatment and the nuclear struc-
ture model inputs. The following discussion summarizes
aspects of ongoing investigations relevant to these open
questions.

The physical origins of the presented systematic be-
haviour, with a reduction of Rs with increasing �S,
obtained consistently from the eikonal- plus sudden-
approximation reaction dynamics and shell-model nu-
clear structure, remain unresolved. Testing for inade-
quacies in the reaction dynamics treatment, e.g. of the
sudden approximation, was a motivation of the present
work – using higher-energy data sets. Concerns regard-
ing the shell-model nuclear-structure input, in particular
the role and treatment of correlations in the many-body
wave functions, are also relevant. The localization of
the reaction, discussed earlier, means that absolute cross
sections are particularly sensitive to the wave functions
(overlap functions) of the removed nucleons near the nu-
clear surface, where the importance of neutron-proton
correlations is an open question. Specifically, in reactions
with large positive �S and at radii near the nuclear sur-
face, the removed, minority nucleon species occupying
orbitals near their energetically well-bound Fermi sur-
face are embedded, spatially, within nuclear matter that
is dominated by the other, majority species. We return
to this discussion below.

Given these open questions, other nucleon-removal
mechanisms and direct reaction-models have also begun
to be used to probe these absolute cross-section e↵ects.
So far, these studies also involve a more limited set of
projectile species. These alternative reactions involve dif-
ferent spatial localizations and radial sensitivities, and
bring their own approximation schemes, model inputs
and uncertainties. For example, measured and theoreti-
cal cross-section ratios have been presented using analy-
ses of single-nucleon transfer reactions [36–38], analysed
using conventional distorted-waves Born approximation-
like techniques, and inverse kinematics (p, 2p) and (p, pn)
knockout processes on a proton target, analysed using
quasi-free scattering [39, 40] and coupled-channels ap-
proaches [41]. In the case of the transfer reaction anal-
yses, experimental (beam-intensity and target-thickness)
requirements have limited the range of �S values ac-
cessible, while the ratios presented are generally from se-
lected exclusive (e.g. ground-state) cross sections and not
from the bound-final state inclusive yields. The (p, 2p)
and (p, pn) knockout analyses cover a wider range of �S
values but have been concentrated on the oxygen and
carbon isotopes, with very few cases in common with
the compilation in Figure 1. An exception is an inverse
kinematics (p, 2p) measurement of the 25F(�p) reaction
[33], that deduced an empirical spectroscopic factor of
0.36(13) to the 24O ground state, the only bound final
state. The corresponding new measurement on a C tar-
get was included above. Compared to shell-model val-
ues, the spectroscopic factor from this (p, 2p) measure-
ment is more heavily suppressed than the value from the
higher-precision C target data, from which the deduced

J. A. Tostevin and A. Gade,  Phys. Rev. C 103, 054610 (2021) [an update to Phys. Rev. C 90, 057602 (2014)
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15 MeV are naturally confined to lighter (below A ⇠ 40)
neutron-rich or -deficient systems. Many of these, and even
those with |�S | & 18 MeV, will be available at new or up-
coming facilities and suitable energies, around 5-15 MeV/u,
to carry out quantitative cross section measurements. It is not
clear that the volume of data will ever match that available from
knockout, nor perhaps go to quite the same extremes in �S . To
avoid the challenges of absolute measurements, it is possible
that cocktail beams of exotic and stable species could be car-
ried out at the same time, allowing for a precise comparisons of

the relative quenching factors.
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FIG. 2. As for Fig. 1. The trend line given in Eq. 2, as
reported in Ref. [23], and a band of half-width 0.1 (shaded
region) have been superimposed, which summarize the total-
ity of collected data points.
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bound final states, and do not provide information on
any individual transition or spectroscopic factor. In par-
ticular, Rs is not an overall scaling factor to be applied to
each contributing theoretical partial cross-section. The
relationship between the model and measured partial
cross sections is expected to be far more complex. For ex-
ample, in the recent 34Si(�n) reaction analysis included
above [22], the measured and model partial cross sections
to 3/2+ and 1/2+ 33Si final states are in broad agreement.
On the other hand, the model calculations predicted a
number of strongly-populated 5/2+ final states, that en-
hance the theoretical inclusive cross section, wheras these
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the measurements. So, to better-interpret the deduced
Rs value in each case requires more final-states-exclusive
studies, as are now possible more routinely given the on-
going improvements in both beam intensities and detec-
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C. Discussion

For the majority of spectroscopic applications, the de-
tails of these absolute cross section comparisons, as quan-
tified by Rs, are secondary. As in essentially all direct-
reaction applications, principally, it is comparisons of the
measured and theoretical relative partial cross-sections
to each final state and, in intermediate-energy removal
reactions, the shapes of their residue momentum distri-
butions, that allow both the dominant transitions and
single-particle configurations of the valence nucleons in
the projectile ground state to be identified. The absolute
inclusive cross section comparisons, shown in Figs. 1
and 2, pose additional and challenging questions of both

the reaction dynamics treatment and the nuclear struc-
ture model inputs. The following discussion summarizes
aspects of ongoing investigations relevant to these open
questions.

The physical origins of the presented systematic be-
haviour, with a reduction of Rs with increasing �S,
obtained consistently from the eikonal- plus sudden-
approximation reaction dynamics and shell-model nu-
clear structure, remain unresolved. Testing for inade-
quacies in the reaction dynamics treatment, e.g. of the
sudden approximation, was a motivation of the present
work – using higher-energy data sets. Concerns regard-
ing the shell-model nuclear-structure input, in particular
the role and treatment of correlations in the many-body
wave functions, are also relevant. The localization of
the reaction, discussed earlier, means that absolute cross
sections are particularly sensitive to the wave functions
(overlap functions) of the removed nucleons near the nu-
clear surface, where the importance of neutron-proton
correlations is an open question. Specifically, in reactions
with large positive �S and at radii near the nuclear sur-
face, the removed, minority nucleon species occupying
orbitals near their energetically well-bound Fermi sur-
face are embedded, spatially, within nuclear matter that
is dominated by the other, majority species. We return
to this discussion below.
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mechanisms and direct reaction-models have also begun
to be used to probe these absolute cross-section e↵ects.
So far, these studies also involve a more limited set of
projectile species. These alternative reactions involve dif-
ferent spatial localizations and radial sensitivities, and
bring their own approximation schemes, model inputs
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cal cross-section ratios have been presented using analy-
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using conventional distorted-waves Born approximation-
like techniques, and inverse kinematics (p, 2p) and (p, pn)
knockout processes on a proton target, analysed using
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requirements have limited the range of �S values ac-
cessible, while the ratios presented are generally from se-
lected exclusive (e.g. ground-state) cross sections and not
from the bound-final state inclusive yields. The (p, 2p)
and (p, pn) knockout analyses cover a wider range of �S
values but have been concentrated on the oxygen and
carbon isotopes, with very few cases in common with
the compilation in Figure 1. An exception is an inverse
kinematics (p, 2p) measurement of the 25F(�p) reaction
[33], that deduced an empirical spectroscopic factor of
0.36(13) to the 24O ground state, the only bound final
state. The corresponding new measurement on a C tar-
get was included above. Compared to shell-model val-
ues, the spectroscopic factor from this (p, 2p) measure-
ment is more heavily suppressed than the value from the
higher-precision C target data, from which the deduced
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sections divided by the expected shell-model value for a
given state, versus an asymmetry parameter !S defined
as Sn ! Sp (or Sp ! Sn) for neutron knockout (or proton

knockout). !S is therefore an approximate measure of the
difference in the proton and neutron Fermi surfaces.
Results from nucleon-knockout reactions appear to show
a trend, where this quantity approaches unity for large
negative values of !S, and becomes much smaller, around
0.2, for large positive values. However, Lee et al. [29] saw
no such trend in (p,d) transfer reactions on various Ar
isotopes, though it has been suggested that the interpreta-
tion may not be definitive [30]. In the recent work of
Ref. [31], no such behavior in the reduction factor was
found in proton- and neutron-removing reactions from 14O,
probing extreme positive and negative values of !S. We
display our results plotted against the more limited range in
!S that is accessible with stable targets (about half what
can be covered with radioactive beams) in Fig. 3, where no
obvious trend is seen.

Other reaction models can be used to reduce experimen-
tal cross sections to spectroscopic overlaps, and one may
perhaps expect that, if applied consistently, they are likely
to yield similar results. For example, we used the finite-
range adiabatic wave approximation formalism of Johnson
and Tandy [32] with the code TWOFNR [33] for ‘ " 1 (p,d)
and (d,p) on the Ni isotopes. The values of Fq differ by less

than 10%. We used DWBA as the most convenient
method to remove the dependence of the reaction cross
sections on energy, nucleus, angular momentum, and
reaction type.

The quenching of the single-particle mode appears to be
a quantitatively uniform property of the nuclear many-
body system from light to heavy nuclei. Correcting for
this quenching makes the measured spectroscopic factors
directly comparable to spectroscopic factors from shell-
model calculations of nuclear structure. For models where
many-body effects are taken into account, such as ab initio

calculations of nuclear structure, the correlations are
already included, and spectroscopic overlaps may be
directly compared to calculations (e.g., Ref. [34]).
In summary, we find that, at least for stable nuclei,

spectroscopic factors from single-nucleon transfer reac-
tions derived from a self-consistent analysis are quenched
with respect to the values expected from mean-field theory
by a constant factor of 0.55, with an rms spread of 0.10,
independent of whether the reaction is nucleon adding
or removing, whether a neutron or proton is transferred,
the mass of the nucleus, the reaction type, or angular-
momentum transfer.
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FIG. 2. As for Fig. 1. The trend line given in Eq. 2, as
reported in Ref. [23], and a band of half-width 0.1 (shaded
region) have been superimposed, which summarize the total-
ity of collected data points.

of the theoretically-predicted strength of transitions to
bound final states, and do not provide information on
any individual transition or spectroscopic factor. In par-
ticular, Rs is not an overall scaling factor to be applied to
each contributing theoretical partial cross-section. The
relationship between the model and measured partial
cross sections is expected to be far more complex. For ex-
ample, in the recent 34Si(�n) reaction analysis included
above [22], the measured and model partial cross sections
to 3/2+ and 1/2+ 33Si final states are in broad agreement.
On the other hand, the model calculations predicted a
number of strongly-populated 5/2+ final states, that en-
hance the theoretical inclusive cross section, wheras these
5/2+ states were found to be more weakly populated in
the measurements. So, to better-interpret the deduced
Rs value in each case requires more final-states-exclusive
studies, as are now possible more routinely given the on-
going improvements in both beam intensities and detec-
tion capabilities.

C. Discussion

For the majority of spectroscopic applications, the de-
tails of these absolute cross section comparisons, as quan-
tified by Rs, are secondary. As in essentially all direct-
reaction applications, principally, it is comparisons of the
measured and theoretical relative partial cross-sections
to each final state and, in intermediate-energy removal
reactions, the shapes of their residue momentum distri-
butions, that allow both the dominant transitions and
single-particle configurations of the valence nucleons in
the projectile ground state to be identified. The absolute
inclusive cross section comparisons, shown in Figs. 1
and 2, pose additional and challenging questions of both

the reaction dynamics treatment and the nuclear struc-
ture model inputs. The following discussion summarizes
aspects of ongoing investigations relevant to these open
questions.

The physical origins of the presented systematic be-
haviour, with a reduction of Rs with increasing �S,
obtained consistently from the eikonal- plus sudden-
approximation reaction dynamics and shell-model nu-
clear structure, remain unresolved. Testing for inade-
quacies in the reaction dynamics treatment, e.g. of the
sudden approximation, was a motivation of the present
work – using higher-energy data sets. Concerns regard-
ing the shell-model nuclear-structure input, in particular
the role and treatment of correlations in the many-body
wave functions, are also relevant. The localization of
the reaction, discussed earlier, means that absolute cross
sections are particularly sensitive to the wave functions
(overlap functions) of the removed nucleons near the nu-
clear surface, where the importance of neutron-proton
correlations is an open question. Specifically, in reactions
with large positive �S and at radii near the nuclear sur-
face, the removed, minority nucleon species occupying
orbitals near their energetically well-bound Fermi sur-
face are embedded, spatially, within nuclear matter that
is dominated by the other, majority species. We return
to this discussion below.

Given these open questions, other nucleon-removal
mechanisms and direct reaction-models have also begun
to be used to probe these absolute cross-section e↵ects.
So far, these studies also involve a more limited set of
projectile species. These alternative reactions involve dif-
ferent spatial localizations and radial sensitivities, and
bring their own approximation schemes, model inputs
and uncertainties. For example, measured and theoreti-
cal cross-section ratios have been presented using analy-
ses of single-nucleon transfer reactions [36–38], analysed
using conventional distorted-waves Born approximation-
like techniques, and inverse kinematics (p, 2p) and (p, pn)
knockout processes on a proton target, analysed using
quasi-free scattering [39, 40] and coupled-channels ap-
proaches [41]. In the case of the transfer reaction anal-
yses, experimental (beam-intensity and target-thickness)
requirements have limited the range of �S values ac-
cessible, while the ratios presented are generally from se-
lected exclusive (e.g. ground-state) cross sections and not
from the bound-final state inclusive yields. The (p, 2p)
and (p, pn) knockout analyses cover a wider range of �S
values but have been concentrated on the oxygen and
carbon isotopes, with very few cases in common with
the compilation in Figure 1. An exception is an inverse
kinematics (p, 2p) measurement of the 25F(�p) reaction
[33], that deduced an empirical spectroscopic factor of
0.36(13) to the 24O ground state, the only bound final
state. The corresponding new measurement on a C tar-
get was included above. Compared to shell-model val-
ues, the spectroscopic factor from this (p, 2p) measure-
ment is more heavily suppressed than the value from the
higher-precision C target data, from which the deduced
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ticular, Rs is not an overall scaling factor to be applied to
each contributing theoretical partial cross-section. The
relationship between the model and measured partial
cross sections is expected to be far more complex. For ex-
ample, in the recent 34Si(�n) reaction analysis included
above [22], the measured and model partial cross sections
to 3/2+ and 1/2+ 33Si final states are in broad agreement.
On the other hand, the model calculations predicted a
number of strongly-populated 5/2+ final states, that en-
hance the theoretical inclusive cross section, wheras these
5/2+ states were found to be more weakly populated in
the measurements. So, to better-interpret the deduced
Rs value in each case requires more final-states-exclusive
studies, as are now possible more routinely given the on-
going improvements in both beam intensities and detec-
tion capabilities.

C. Discussion

For the majority of spectroscopic applications, the de-
tails of these absolute cross section comparisons, as quan-
tified by Rs, are secondary. As in essentially all direct-
reaction applications, principally, it is comparisons of the
measured and theoretical relative partial cross-sections
to each final state and, in intermediate-energy removal
reactions, the shapes of their residue momentum distri-
butions, that allow both the dominant transitions and
single-particle configurations of the valence nucleons in
the projectile ground state to be identified. The absolute
inclusive cross section comparisons, shown in Figs. 1
and 2, pose additional and challenging questions of both

the reaction dynamics treatment and the nuclear struc-
ture model inputs. The following discussion summarizes
aspects of ongoing investigations relevant to these open
questions.

The physical origins of the presented systematic be-
haviour, with a reduction of Rs with increasing �S,
obtained consistently from the eikonal- plus sudden-
approximation reaction dynamics and shell-model nu-
clear structure, remain unresolved. Testing for inade-
quacies in the reaction dynamics treatment, e.g. of the
sudden approximation, was a motivation of the present
work – using higher-energy data sets. Concerns regard-
ing the shell-model nuclear-structure input, in particular
the role and treatment of correlations in the many-body
wave functions, are also relevant. The localization of
the reaction, discussed earlier, means that absolute cross
sections are particularly sensitive to the wave functions
(overlap functions) of the removed nucleons near the nu-
clear surface, where the importance of neutron-proton
correlations is an open question. Specifically, in reactions
with large positive �S and at radii near the nuclear sur-
face, the removed, minority nucleon species occupying
orbitals near their energetically well-bound Fermi sur-
face are embedded, spatially, within nuclear matter that
is dominated by the other, majority species. We return
to this discussion below.

Given these open questions, other nucleon-removal
mechanisms and direct reaction-models have also begun
to be used to probe these absolute cross-section e↵ects.
So far, these studies also involve a more limited set of
projectile species. These alternative reactions involve dif-
ferent spatial localizations and radial sensitivities, and
bring their own approximation schemes, model inputs
and uncertainties. For example, measured and theoreti-
cal cross-section ratios have been presented using analy-
ses of single-nucleon transfer reactions [36–38], analysed
using conventional distorted-waves Born approximation-
like techniques, and inverse kinematics (p, 2p) and (p, pn)
knockout processes on a proton target, analysed using
quasi-free scattering [39, 40] and coupled-channels ap-
proaches [41]. In the case of the transfer reaction anal-
yses, experimental (beam-intensity and target-thickness)
requirements have limited the range of �S values ac-
cessible, while the ratios presented are generally from se-
lected exclusive (e.g. ground-state) cross sections and not
from the bound-final state inclusive yields. The (p, 2p)
and (p, pn) knockout analyses cover a wider range of �S
values but have been concentrated on the oxygen and
carbon isotopes, with very few cases in common with
the compilation in Figure 1. An exception is an inverse
kinematics (p, 2p) measurement of the 25F(�p) reaction
[33], that deduced an empirical spectroscopic factor of
0.36(13) to the 24O ground state, the only bound final
state. The corresponding new measurement on a C tar-
get was included above. Compared to shell-model val-
ues, the spectroscopic factor from this (p, 2p) measure-
ment is more heavily suppressed than the value from the
higher-precision C target data, from which the deduced

radii (and consequently of r0) due to different Skyrme
interactions, provided the rms radii of 15N extracted from
(e, e0p) [5] are reproduced. All the other experimental
uncertainties are accounted for by the error bars displayed
on Fig. 4. A rather flat trend is found without the need
for the large asymmetry dependence suggested by inter-
mediate energy knockout data analyzed with the eikonal
formalism [10]. For a quantitative evaluation, we fitted
the reduction factor with a linear dependence Rs!
!"!S#". We obtained mean values for ! and " with
associated errors from a minimization over the 48 data sets,
considering (i) eight combinations of optical potentials for
the entrance and exit channels, (ii) three Skyrme interac-
tions to calculate the rms radii, and (iii) the two above-
mentioned shell-model calculations.

For the WS OF, the reduction factor Rs ! 0:538$28%$18%
(for !S ! 0 nuclei) is in agreement with Ref. [9] and the
slope parameter ! ! 0:0004$24%$12% MeV&1, therefore
consistent with zero. The first standard error obtained
over one data set depends on the experimental uncertain-
ties; the second one comes from the distribution over the 48
data sets. Within the error bars, the data do not contradict
the weak dependence found by ab initio calculations, with
!0 ! &0:0039 MeV&1 between the two 14O points in
Ref. [7], although the calculated !S is much reduced
compared to the experimental value.

Despite different OFs and SFs, the analysis
performed with the ab initio OF [30] provides very
similar results with Rs$!S!0%!0:636$34%$42% and !!
&0:0042$28%$36%MeV&1, with calculated !S!17:6MeV
[Fig. 4(b)].
In summary, we measured exclusive differential cross

sections at 18 MeV=nucleon for the 14O$d; t%13O and
14O$d; 3He%13N transfer reactions and elastic scattering.
WS OFs with a constraint on HF radii and microscopic
OFs (obtained from SCFG theory) have been compared for
the first time for symmetric and very asymmetric nuclei
and gave similar results. We extracted the reduction factors
Rs over a high asymmetry range, !S ! '18:5 MeV, for
oxygen isotopes. From the good agreement between the
CRC calculations and the set of transfer data highlighted in
our work, the asymmetry dependence is found to be non-
existent (or weak), within the error bars. This result is in
agreement with ab initio Green’s function and coupled-
cluster calculations [7,14], but contradicts the trend
observed in nucleon knockout data obtained at incident
energies below 100 MeV=nucleon and analyzed with the
sudden-eikonal formalism. The disagreement of the two
systematic trends from knockout and transfer calls for a
better description of so-called direct reaction mechanisms
in order that a consistent picture of nuclear structure
emerges from measurements at different incident energies.
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fragmentation of 3=2! strength, which is collected in one
single state. The experimental SF values for the states
discussed above are consistent with the results from (e, e0p)
data [41,42].
The measured inclusive cross sections for proton knock-

out are listed in Table I. Since only bound states of the
residual A!1N are detected, the results fluctuate with
changes of the separation energies along the isotopic chain
as a consequence of the very different nucleon separation
energies of the daughter nuclei. 16O!p; 2p"15N has the
largest cross section since both knockout from 0p1=2 and
0p3=2 populate bound states in 15N. For the 15O!p; 2p"14N
and 18O!p; 2p"17N reactions, the 0p1=2 protons contribute
fully, but only part of the (fragmented) 0p3=2 strength is
below the continuum threshold. The case is similar for the
22O projectile, albeit with a larger contribution of the 0p3=2

proton strength due to the relatively large neutron separa-
tion energy of 4.59 MeVof the daughter nucleus 21N [39].
The case of 13O!p; 2p"12N is at the other extreme, since the
knockout from the 0p1=2 orbit contributes only partially to
the cross section due to the very weakly bound protons in
12N (Sp # 0.6 MeV [39]). The rest of the reaction channels
can be safely considered as arising from the full 0p1=2

proton knockout alone. Table I also gives the corresponding
theoretical cross sections, assuming the IPM occupation.
For the discussion of the reduction factor R, we concen-

trate on the aforementioned isotopes, where it is reasonable
to assume that the full 0p1=2 strength is collected in bound
states, while the 0p3=2 strength is exclusively located in the
continuum.We also include the one exception for 16O, where
also the 0p3=2 hole states are bound. We exclude cases where
the 0p3=2 strength is located close to the particle separation
threshold and is fragmented. Such a selection is possible
since the structure of the produced nuclei is known and, in
addition, the ! spectra of the final states were analyzed. For
the selected cases, we can then compare the measured cross
sections directly to the theoretical ones based on the IPM
without the need for additional theoretical structure input,
which would complicate the discussion on the asymmetry
dependence.
The resulting R values are summarized in the last column

of Table I and are displayed in Fig. 4 as a function of the
difference of g. s. separation energies !Sp ! Sn" as filled
circles and as a square for 16O, where the sum of 0p1=2 and
0p3=2 contributions is shown as discussed above. The error
bars represent the statistical uncertainty while the horizon-
tal square brackets indicate the total uncertainty including
the systematic errors. This allows a direct comparison of R
relative to each other without identical systematic uncer-
tainties. The data from this work show a fluctuation of R
around 0.66. The solid and dotted lines display fits with a
linear function and with a constant value resulting in a
reduced "2 of 1.29 and 1.91, respectively. We conclude that

the data are consistent with weak or even no dependance of
the SP strength on the neutron-proton asymmetry. This
trend differs drastically from the result of one-nucleon
removal reactions at intermediate energies as compiled in
Ref. [13]. Note that R is the ratio of the experimental cross
section to the theoretical one based on the IPM, while the R
values of Ref. [13] are given relative to a particular SM
calculation. For the cases selected here, however, the
fragmentation is small and the sum of the SM SF values
reflects the sum-rule value given by the IPM. We estimated
the uncertainties of the calculated cross sections related to
possible variations of the input parameters within a rea-
sonable range (NN cross sections, densities, and SP wave
functions) to be less than 5%, i.e., significantly smaller than
the experimental uncertainties. Our conclusion agrees with
Ref. [16], where transfer data on 14O have been analyzed.
We note that our deduced reduction factor of 0.68(7) is in
very good agreement with the one of 0.73(10)(10), derived
from the 14O!d; 3He" transfer [16].
Furthermore, we have performed state-of-the-art ab initio

calculations of the proton-hole strength in 14;16;22O based on
the SCGF theory, using the third-order algebraic diagra-
matic construction approach [ADC(3)] [18,43]. This is the
method of choice for calculating the nuclear spectral
function and yields the most accurate SF results near
subshell closures. The theoretical SF can be sensitive to
particle-hole gaps and the density of states at the Fermi
surface [44]. Hence, we based our calculations on the
saturating chiral interaction NNLO-sat [45], which guar-
antees the best possible predictions of radii and gaps in this
region of the nuclear chart [46]. The resulting SF values
shown as blue triangles in Fig. 4 for proton removal to the
ground states of 13N and 21N and for summed p-shell states
in 15N are in reasonable agreement with the present
measurements, although they seem to overestimate the
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FIG. 1. (Color online) Spectrum of protons from the 14C(d,p)15C reaction at !lab = 29.5o. The proton groups from the 14C target, including
admixtures are shown by a black line. The normalized proton groups from the Mylar target shown by red color indicate contamination of used
14C target as described in the text. All admixtures are marked by description in red letters.

distributions. That is why in Figs. 2 and 3 only angular
distributions obtained with CH89 potentials are shown. To
compare with FR-ADWA, in Fig. 2 we also present the
cross sections obtained within the standard DWBA using four

FIG. 2. (Color online) Angular distributions from the
14C(d,p)15C reaction for the transitions leading to the ground
state 2s1/2 in 15C: FR-ADWA with CH89 potentials, red thick solid
line; D1-P1, pink dashed-dotted line; D1-P2, blue thick dashed line;
D2-P1, magenta dotted line; D2-P2, green short-dashed line.

different combinations of the optical potentials: D1-P1, D1-P2,
D2-P1, and D2-P2 (see Tables II and III in Appendix). Within
DWBA, the angular distributions for either transition to the
ground or first excited state in 15C are best described by the
combination of optical model potentials D1-P2, although all
other combinations describe equally well the first peak. These

FIG. 3. (Color online) Angular distributions from the
14C(d,p)15C reaction for the transitions leading to the first
excited state 1d5/2 in 15C. Notations are the same as in Fig 2.
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FIG. 7. Particle identification from the 14C(d,p)15C reaction. In (a) a good separation of protons from inelastically scattered deuterons is
shown. Panel (b) shows the contents of the proton peak plotted as a function of position in the focal plane.

that occurred on the 12C impurity in the 14C target to determine
the 12C content (!11%).

As in the case of the inverse kinematics d(14C,p)15C
reaction described previously, the angular distribution was
calculated using the ADWA and the code FRESCO. The results
of these calculations and the measured angular distributions
are shown in Fig. 8. The optical potential in the entrance
channel was given by the sum of the single nucleon potentials
of the incident proton and neutron evaluated at half the
deuteron energy. The potentials were obtained from the KD03
global parametrization. Because this was intended to be a
nonperipheral reaction that could be used to determine the
SF with the method of Ref. [11], this calculation of the
cross section was repeated for a variety of choices of binding
potential geometry by varying the radius parameter (r0) of
the WS binding potential, while keeping the diffuseness fixed.
The depth was adjusted for each point to reproduce the neutron
separation energy. For a peripheral reaction the dependence on
the binding potential geometry [and thus on the single-particle
ANC (SPANC)] will be weak and one can then determine the
ANC. If, however, the dependence is strong, one can compare
this calculation with experiment and find a particular range of
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FIG. 8. (Color online) Shown in (a) is the angular distribution for
14C(d,p)15C (Ed = 60 MeV) transfer to the ground state (black dots)
and the ADWA calculation (red); the same is shown in (b) for transfer
to the 1d5/2 excited state (black dots, experiment; green line, ADWA).

SPANC values that produce the correct ANC and then use this
to determine the SF.

Following Ref. [11], a function

RDW(bnlj ) =
!!!!
T̃int

bnlj

+ T̃ext

!!!!
2

(9)

was constructed, where the single-particle ANC, bnlj , is a
function of the binding potential geometry and T̃int and T̃ext
are the transfer matrix elements representing integration over
the interior and exterior regions, respectively, as described in
Ref. [11]. The experimental counterpart of Eq. (9) is

Rexp =
d!
d"

exp

C2
lj

, (10)

where C2
lj is the ANC squared. These functions were com-

pared for the angle corresponding to the most forward point
measured in the experiment and are summarized in Fig. 9.

The equality Rexp = RDW(bnlj ) should allow us to de-
termine the SPANC given the additional condition that the
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FIG. 9. (Color online) RDW (red, curved line) and Rexp (blue,
horizontal line) for 14C(d,p)15C (Ed = 60 MeV) transfer to the
ground state (a) and the d5/2 first excited state (RDW, green curved line;
Rexp, purple horizontal line) (b) as a function of the radius parameter,
r0, of the WS binding potential. The uncertainties are shown by the
hatched areas. In the calculation this is taken to be 10% and reflects
the systematic uncertainty.
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In normal kinematics, always 
blighted by contaminates in 
the target. Regardless, 
numerous measurements (and 
re-analyses) carried out 
yielding a muddy picture ...

McClesky et al.

Mukhamedzhanov et al.

1s1/2 0d5/2

Cecil et al. 1.03, 0.76 1.02, 0.89
Goss et al. 0.88, 0.63 0.69, 0.55
Murillo et al. 0.99 0.90
Mukhamedzhanov 
et al.

ANCs ANCs
McClesky et al. 1.12 1.14

ΔS

15C ~ –20 MeV

15N ~ +8 MeV

Relative and absolute
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A measurement with a solenoidal spectrometer
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15C
• Quenching via (d,p) reactions appears to 

be around 0.5, albeit with large 
uncertainties (not just OPs)–––consistent 
with large body of stable data at 
moderate ΔS

Observation

Quenching of Single-Particle Strength in A = 15 Nuclei
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Absolute cross sections for the addition of s- and d-wave neutrons to 14C and 14N have been
determined simultaneously via the (d,p) reaction at 10 MeV/u. The di↵erence between the neutron
and proton separation energies, �S, is around �20 MeV for the 14C+n system and +8 MeV for
14N+n. The population of the 1s1/2 and 0d5/2 orbitals for both systems is reduced by a factor
of ⇠0.5 compared to the independent single-particle model, a finding that strongly contrasts with
results deduced from intermediate-energy knockout reactions between similar nuclei on targets of
9Be and 12C. The simultaneous technique used removes many systematic uncertainties.

Introduction.—Single-particle motion of nucleons in
the nuclear mean field is quenched by correlations. For
stable nuclei, the degree of quenching is around 0.6 and
appears to be independent of the reaction mechanism
that is used to probe it, the mass of the nucleus, the
orbital-angular momentum of the nucleon probed, nu-
cleon separation energy, and is the same within uncer-
tainties for both protons and neutrons [1–4].

Stable nuclei have di↵erences between their proton
(Sp) and neutron (Sn) separation energies, �S, of about
±10 MeV; for proton adding/removing reactions, �S =
S⇤
p � Sn and for neutrons S⇤

n � Sp (the asterisk denotes
corrections for excited states where relevant). Informa-
tion from intermediate-energy heavy-ion knockout reac-
tions on 9Be and 12C targets using radioactive-ion beams
(referred to as “HI knockout” here) has revealed a strong
dependence between the degree of quenching (or reduc-
tion factor, R, defined as the ratio of the experimental
and theoretical inclusive cross sections) and �S, espe-
cially at extreme values of |�S| > 10 MeV [3]. This
trend, shown in Fig. 1(a), has been the topic of much
discussion [4].

There is limited data on nucleon removal from such
exotic nuclei with di↵erent reaction probes, and they ap-
pear to disagree with the results of Ref. [3], for example
the green points in Fig. 1(b) [5, 6].

Here, we report on new data, also shown in Fig. 1(b),
from a simultaneous determination of quenching factors
for di↵erent momentum transfer in the nucleon-adding
14N(d,p)15N and 14C(d,p)15C transfer reactions at ener-
gies just above the Coulomb barrier, spanning 28 MeV in
�S. The (d,p) reaction is well understood, and the simul-
taneous measurement using these two isobars eliminates
many uncertainties. Our result supports the hypothe-
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FIG. 1. (a) Degree of quenching, R, as a function of �S de-
duced from (e,e0p) reactions [1] (squares) and from knockout
reactions on 9Be and 12C targets (circles)—data and shaded
band from Ref. [3], compared with (b) results from the cur-
rent measurement (triangles) and previous nucleon-removal-
reaction studies of Ref. [5] (squares) and [6] (circles). The
shaded band, �S = 0.5(1), in (b) is to guide the eye.

sis that the strong dependence of R on �S seen in the
HI-knockout data is unique to that probe.
Di↵erent nucleon-removal reaction techniques, such

as the (p,2p) reaction and nucleon-transfer reactions
do not yield evidence for this trend in �S, but the
body of work is very scarce. The neutron-removal
34,36,46Ar(p,d)33,35,45Ar reactions [7, 8] (covering a range
of �10 . �S . +12 MeV, similar to stable nuclei) and
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TABLE I. Values of �S and R for the 1s1/2 and 0d5/2
strength in 15C and 15N.

AX nlj �S (MeV) R

15C 1s1/2 �19.86 0.51(9)

0d5/2 �19.12 0.41(7)
15N 1s1/2 +8.08 0.41(9)

0d5/2 +8.29 0.61(14)

the value of 0.96(4) for the s-wave strength deduced in
the HI-knockout study [15].

For 15N, the 1s1/2 and 0d5/2 strength is carried by two
sets of multiplets, which were previously studied [21, 22].
The majority of the strength (⇠95%) is shared between
five states between 7.155 and 8.571 MeV in excitation en-
ergy, naively arising from the coupling of a 1s1/2 or 0d5/2
neutron to the 1+, T = 0 14N ground state. A lower-
lying, positive-parity doublet (5.270 and 5.299 MeV) car-
ries the remaining <5% of the strength, with small spec-
troscopic factors seen in previous transfer-reaction stud-
ies [22]. In this measurement, they were not observed
due to the detector acceptance. The omission of these
states from the summed strength contributes to the over-
all uncertainty to a similar extent as other sources. There
is no other 1s1/2 or 0d5/2 strength below the neutron-
separation threshold. As for 14C, the 1s1/2 and 0d5/2
orbitals in 14N are approximately fully unoccupied, with
no strength observed in neutron-removal reactions [35]; R
can be deduced by comparison to a spectroscopic factor
of unity.

The 15N 0d5/2 strength is shared between two pure
0d5/2 states and one mixed state, as was well estab-
lished in previous studies (e.g., Ref. [22]). The J⇡ = 3/2+

state at 8.571 MeV has strength that is approximately
one-third 1s1/2 and two-thirds 0d5/2 in terms of S and,
though weakly populated, represents about 10% of the
total 0d5/2 strength. The remaining strength is car-
ried by the J⇡ = 5/2+ and 7/2+ states at 7.155
and 7.567 MeV. Most of the 1s1/2 strength lies in the
7.301 MeV, J⇡ = 3/2+ state (which has small admix-
tures of 0d5/2 strength) and the 8.313-MeV, J⇡ = 1/2+

state (mixed with a small fraction of ` = 2, 0d3/2 strength
as determined from a previous (d,p) study with polarized
beams [22]). The remaining 1s1/2 strength is carried by
the 8.571-MeV state mentioned above. The R values
for 15N (see Table I and in Fig. 1) represent the summed
spectroscopic factors for the 1s1/2 and 0d5/2 orbitals. We
note that the states discussed here account for all the
1s1/2 and 0d5/2 strength below the neutron-separation
energy threshold and, as for 15C, can be readily com-
pared to the inclusive cross sections determined in HI-
knockout reactions. The larger uncertainties for 15N are
a consequence of fitting the ` = 0 + 2 states.

Conclusions.—In a measurement where many system-
atic errors are absent because of the ratio method, we
show that for two di↵erent nuclei separated by ⇠28 MeV
in �S a similar degree of quenching of the single-particle
strength is observed for both the s and d excitations.
This contrasts with the factor-of-two di↵erence observed
in HI-knockout. This work provides the first assess-
ment of neutron adding (d,p)-reaction data at extreme
�S, complementing a very limited number of removal-
reaction data sets, adding to the growing evidence of a
discrepancy between HI knockout and results using other
probes.

There is an expectation that more data will be-
come available as radioactive beams at energies above
the Coulomb barrier become more widely available for
transfer-reaction studies. With many of these facilities
likely to provide isobarically impure beams, the simulta-
neous beams technique discussed in this work could be a
convenient and useful approach for future studies.
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a 3=2! assignment [23]; it is probable that !" is well below
the theoretical upper limit listed in Table I, thereby
contributing negligibly to the 26gAl"p; "#27Si rate. The
remaining two levels (one of which is tentative) are too
low in energy to have significant astrophysical impact.
Consequently, !" for the 68-keV resonance is the other
dominant remaining uncertainty. The upper limit reported
in Table I was estimated by Lotay et al. [23] assuming
(without experimental constraint) a proton spectroscopic
factor of C2S ! 0.3.
The 26gAl"d; p#27Al reaction reported herein has been

employed to study the single-neutron spectroscopic struc-
ture of 27Al states, in order to constrain via mirror
symmetry the single-proton spectroscopic structure, and
hence resonance strengths, of the astrophysically important
5=2! and 9=2! resonances in 27Si. These states are located
in 27Si (27Al) at 7532 keV (7790 keV) and 7590 keV
(7807 keV), respectively (see Table I); the mirror assign-
ments stem from their population and decay in fusion-
evaporation reactions [17]. A beam of 26gAl (99% pure)
was produced from a sputter ion source and accelerated to
117 MeVusing the 25-MV tandem electrostatic accelerator
at the Holifield Radioactive Ion Beam Facility (HRIBF) at
Oak Ridge National Laboratory. The beam impinged upon
a deuterated polyethylene (CD2) target of areal density
150"14# #g=cm2, at a typical intensity of "5 ! 106 ions per
second, for a period of "5 days. The measurement
employed the ORRUBA [29] and SIDAR [30] arrays of
silicon detectors to detect ejectiles between 95° and 165° in
the laboratory ("6° to "55° in the center-of-mass system).
In order to determine the total beam exposure, elastically
scattered deuterons were monitored in ORRUBA detectors
close to $lab $ 90°. The rate of this scattering was cali-
brated directly at a lower beam intensity ("2 ! 105 ions per
second) at which the incident beam particles could be
counted reliably using a self-efficiency-calibrating dual
microchannel plate (MCP) detector system [31,32]. The
target thickness was determined by measuring the energy
loss of alpha particles from a 244Cm source traversing the
target.
In detectors at backward angles in the laboratory, peaks

from the (d; p) reaction were observed along with a smooth
background from reactions induced by the carbon content
of the target. The form of this background was measured by
running with a carbon target, the yield from which was
scaled to a region containing no peaks from the (d; p)
reaction and subtracted from the CD2-target data. As the
26gAl beam contained a small fraction ("1%) of stable
26Mg contaminant, a short measurement with a pure 26Mg
beam was undertaken to quantify the contribution from
26Mg-induced reactions, which was subsequently sub-
tracted from the data taken with the 26gAl beam. Only
two significantly populated peaks from 26Mg"d; p#27Mg
were observed, neither of which overlap the states of
interest from 26gAl"d; p#27Al [33]. The (carbon and

26Mg) background-subtracted excitation energy spectrum,
see Fig. 1, exhibits a number of strong peaks from
26gAl"d; p#27Al, predominantly populated through l $ 0
and l $ 2 neutron transfer, as evidenced by their angular
distributions [33]. A peak located at 7805(7) keV poten-
tially contains three unresolved states in 27Al, including
both the 7790 keV (5=2!) and 7807 keV (9=2!) states
(mirrors to the 68-keV and 127-keV resonances in 27Si,
respectively), along with a 3=2! state at 7799 keV.
The angular distribution associated with the peak at

7805(7) keV is displayed in Fig. 2. Error bars represent the
statistical uncertainty in proton yields only, stemming from
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FIG. 1 (color online). Excitation energy spectrum from
26Al"d; p#27Al at 4.5 A-MeV and 6.5° in the center of mass,
with a resolution of 72 keV (FWHM). The peak (see inset)
identified as containing the 7807 keV 9=2! level is indicated by
the solid (red) vertical line; the nearest neighboring states
(7664 keV and 7950 keV) which can be populated via l $ 0
neutron transfer are indicated with the dashed (blue) lines.
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FIG. 2 (color online). Differential cross sections for the peak at
7805(7) keV, fitted with a combination of ln $ 0 and 2 neutron
transfer calculations (solid red curve). The dashed (green) and
dotted (blue) curves show the individual contributions to the fit.
Error bars represent the statistical uncertainty in the proton yields
stemming from Gaussian fits to the excitation energy spectrum at
each angle.
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the present results, an average value of 45!19
!17 !eV for the

strength of the 188.9(6) keV resonance [18] and strong
resonances at 276.3(4) and 368.5(4) keV in 27Si [33]
(resonance energies are taken from Ref. [32]). It is clear
from Fig. 4 that the 127 keV resonance now dominates the
reaction over almost the entire temperature range of WR
stars and AGB stars (T " 0.04–0.10 GK). Furthermore,
by significantly constraining the proton spectroscopic
factor for the 127 keV resonance compared to the full
range considered in Parikh et al. [15], we conclude that
its contribution in novae environments is likely to be
negligible.

It can be seen from Fig. 4 that for the region immediately
above "0.1 GK, corresponding to the lower temperature
range for hydrogen burning in novae, the 189 keV reso-
nance (7652 keV excitation energy), is the strongest single
contributing state to 26Al destruction. Lotay et al. [18]
paired this state with a mirror analog level at 7948 keV in
27Al [23], with angular distribution measurements of "
decays giving a clear 11=2 spin assignment for the
7652 keV level in 27Si. The angular distribution and
ADWA fit for the 7948(3) keV excited state in 27Al is
shown in Fig. 3(c). As can be seen, the angular distribution
is well fitted by a pure l " 1 transfer with C2S (l " 1) of
0.14(3) and is inconsistent with l " 0, 2 transfer, support-
ive of an 11=2! assignment. Such high values for C2S for
negative parity states at high excitation energies in sd-shell
nuclei have been associated with relatively pure single
particle configurations [34]. Using this value to obtain
an implied strength for the 189 keV resonance gives
52#11$ !eV, which is in excellent agreement with the
two direct measurements of 55(9) [16] and 35#7$ !eV [17].
In summary, we have performed a high-resolution study

of the 26Al#d; p$27Al transfer reaction in inverse kinematics
and have, for the first time, placed experimental constraints
on the proton spectroscopic factor C2S of the key 127 keV
resonance in the 26gAl#p; "$27Si reaction. This has resulted
in stringent restrictions on the rate at which this reaction
occurs and clearly points to the dominant role of the
127 keV resonance in the destruction of the cosmic "-
ray emitting isotope 26Al in Wolf-Rayet and AGB stars. In
order to reduce further uncertainties in the reaction, we
would encourage a 26Al#3He; d$27Si study to obtain a direct
measurement of the proton spectroscopic factor of the
127 keV resonance in 27Si.

FIG. 3. Angular distributions together with ADWA fits
for excited states in 27Al at (a) 3004(2), (b) 7806(3), and
(c) 7948(3) keV. The dominant systematic uncertainty in
extracting cross sections relates to errors involved in determining
the initial target thickness.
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FIG. 4 (color online). Contribution of individual resonances to
the 26gAl#p; "$27Si stellar reaction rate. Resonance energies in
keV are given on the right-hand side of the figure. The errors on
the energies and strengths of resonances used to derive the
reaction rates are given in the text. As discussed in the text, the
contribution of the 68 keV resonance represents an upper limit.
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What is presently not easy/short comings
Not always trivial to measure yield a very forward c.m. angles (with intense beams, it becomes 
easier [beautiful example here of 26Al(d,p)27Al*], though they are few and far between

*V. Margerin, Phys. Rev. Lett. 115, 062701 (2015)

Difficult for reactions, 
even more difficult for 
elastic scattering (in 
inverse kinematics)
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Elsewhere (FRIB, FRIB era)
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There will be a wealth of transfer reaction data in the coming years
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Transfer is an essential tool: a simple probe of occupancy, vacancy, ESPEs, quenching, etc. Used 
for some seven decades now. Not just nuclear structure, essential to nuclear astrophysics 

Well recognized, with excellent instrumentation and accelerators developed for the 10 MeV/u 
(FRIB, ATLAS, ISOLDE, etc., and SOLARIS, HELIOS, GODDESS, MUST2, etc.) over some 20+ 
years 

OPs at extremes need to be validated, but new data likely sparse -- do we expect this to be an 
issue? 

DWBA/ADWA will be the main tools for some time, other issues exist with those 

Comments, questions, discussion

Questions marks over applicability to extremes, but also over e.g., A = 3,4 potentials, and global 
versus specific (and e.g. in deformed systems)

Experiments are difficult and certainly sometimes it necessary to compromise (energy, angles) 
but we (the community) have spent considerable effort to move towards the ability to do 
experiments that best allow for reliable use of models -- theory and experiment are not distinct 


