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Abstract
Surface impedance of type-II superconductors is determined
by their local optical conductivity σ(ω). Standard BCS-like
theoretical descriptions of σ(ω), due to Mattis and Bardeen
or Zimmermann et al., do not take pair-breaking processes
into account. Therefore they do not provide a quantitative ex-
planation of the microwave response, and in particular they
can not predict the magnitude of the coherence peak. Here,
based on the recently developed concept of Dynes supercon-
ductors which does take also the pair-breaking processes into
account, we provide a simple but complete description of the
microwave response of type-II superconductors, concentrat-
ing on the unexpected properties of clean superconductors
which are often used as cavity materials.

Introduction and Motivation

• Main focus: Moderately clean superconductors with weak,
but non-vanishing pair-breaking scattering:

ω < Γ� Γs ≤ ∆0,

where:
ω : Frequency in energy units (~ = 1).

∆0 : Superconductive gap.
Γ : Pair-breaking scattering rate.

Γs : Pair-conserving scattering rate.

General Formulation

• Calculation of the optical response of superconductors fol-
lowing standard approach formulated by Nam [1, 2]:
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where:

ε(ω) = ε1(ω) + iε2(ω) = Z(ω)
√
ω2 −∆2(ω),

n(ω) = n1(ω) + in2(ω) = ω/
√
ω2 −∆2(ω),

p(ω) = p1(ω) + ip2(ω) = ∆(ω)/
√
ω2 −∆2(ω). (2)

σ(T ) for Dynes superconductors

Temperature evolution of σ1(T )

• Specifying auxiliary functions n(ω), p(ω) and ε(ω) based
on theory of the Dynes superconductor [3, 4]:

ε(ω) =
√

(ω + iΓ)2 −∆2 + iΓs, ∆(ω) =
ω

ω + iΓ
∆, (3)

• The temperature dependence of the gap ∆(T ) of a Dynes
superconductor is governed by a BCS-like self-consistent
equation [3, 4]:

∆ = 2gπT

Ω∑
ωn>0

∆√
(ωn + Γ)2 + ∆2

, (4)

• Experimentally suitable units: γ = Γ/∆0 and γs = Γs/∆0

and temperature T considered as a fraction of the critical
temperature Tc.

• Dependence of the peak shape on γ and γs:
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Figure 1: Temperature dependence of the ω → 0 limit of σ1(T )/σN as a function of
T/Tc for several values of γ and γs. Note that the same peak height can be reached for
different combinations of γ and γs.

• Peak height κ and position Tmax/Tc as functions of γ and
γs (suitable for parameter estimation in experiments):

Figure 2: (Left) Height of the coherence peak κ = σ1,max/σN − 1 (magnitude indicated
by the black labels) as a function of the dimensionless scattering rates γs and γ. (Right)
Position Tmax/Tc (indicated by the black labels) of the coherence peak of σ1/σN as a
function of γs and γ.

Low scattering rates region

Figure 3: (Left) Dependence of the slopes γ/γs = f (κ) of the equal-κ lines in the small-
scattering rate corner of Fig. 2 on the coherence-peak height κ. (Right) An analogous
plot of the slopes γ/γs of the equal-Tmax/Tc lines in the small-scattering rate corner of
Fig. 2 as a function of Tmax/Tc.

Countability in general case

Figure 4: Distribution of the temperature locations of the peak Tmax as well as peak
heights κ on the sample of few thousands of different γ and γs combinations, fulfilling
natural condition γ < γs according to the theory of the Dynes superconductors. This
figure shows ”where” and ”how high” coherent peaks can be in the experiment.

Temperature evolution of σ2(T )

Figure 5: Temperature dependence of
the imaginary part of the microwave
conductivity σ2(T )/σ2(0) for several
choices of γ and γs. Note that when γs
decreases and γ increases, the curves
are pushed slightly downwards with
respect to Eq. (5), which is shown by
the blue line.
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Strong-coupling corrections

The temperature dependence of the gap of a strong-coupling
superconductor. (such as Nb [5]) can be often well approx-
imated. by ∆(T ) = x∆BCS(T ), where x is a temperature-
independent constant.

Figure 6: Evolution of the normal-
ized conductivities σ1(T )/σN (main
panel) and σ2(T )/σ2(0) (inset) with
the strong-coupling rescaling param-
eter x. In both figures we have used
γs = 0.89 and γ = 0.011.

Figure 7: Coefficient A describing
the T -dependence of the imaginary
part of the microwave conductivity
close to Tc, σ2(T )/σ2(0) = A(1 −
T/Tc), plotted as a function of γs for
several values of γ and x. Note that A
depends only very weakly on γ in the
limit of small pair breaking.

Application to niobium cavities

Figure 8: Real and imaginary parts of the conductivities of the two samples from Fig. 4
in [6] (symbols), together with their fits by the theory of Dynes superconductors with
the strong-coupling corrections described for both samples by x = 1.14 (lines).

Summary

• Phenomenologically encountering strong-coupling correc-
tions by introducing rescaling parameter x.

• Simple and flexible approach comparing to Ref. [7]. (The
only numerical complication is coming from evaluating the
integrals, everything else is purely analytical, and so very
easy to work with.)

• Presence of the pair-breaking rate Γ in our calculations.
(This is of course crucial, since it is the pair-breaking pro-
cesses which control the magnitude of the coherence peak
in the temperature dependence of the real part of the mi-
crowave conductivity.)

• For clean superconductors the shape of the coherence peak
does not depend on the scattering rates Γ and Γs separately,
but only on their ratio Γ/Γs. Large values of the ratio sup-
press the coherence peak.

• Our results are of direct relevance for the microwave re-
sponse of type-II superconductors, such as niobium cavi-
ties.

• Simple set of recipes of how to estimate scattering rates as
well as superconductive gap in the superconductive state.
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