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Compact Stars
• Relativistic stars with inner structure

• We need to solve Einstein’s equation for the interior as well as the exterior



Compact Stars - Spherical

• We begin by writing the following metric

• Which leads to the following components of the Riemman curvature tensor



Compact Stars - Spherical

• The Ricci tensor components are calculated as

• Ricci scalar is given by



Compact Stars - Spherical

• Now we can calculate Einstein’s equation as

• Where we used a perfect fluid as sources ( 𝑇𝜈
𝜇
= 𝑑𝑖𝑎𝑔(𝜖, 𝑃, 𝑃, 𝑃))



Compact Stars - Spherical

• Einstein’s equation define the space-time curvature

• We must also enforce energy-momentum conservation

• This implies that

• Where the four velocity is given by

• After some algebra we get



Compact Stars - Spherical

• Making use of Euler’s equation we get

• Thus

• Which we can rewrite as



Compact Stars - Spherical

• Now we introduce

• Which allow us to integrate one of Einstein’s equation, leading to

• After some shuffling of Einstein’s equation we can write



Metric

Energy-Momentum Tensor

Tolmann-Oppenheimer-Volkoff eq. 
Relativistic Hydrostatic Equilibrium

Mass continuity

Einstein’s equation

Summary so far...



Stellar structure calculation

Microscopic 
Composition

Ewuation of State Macroscopic 
Structure



Recapitulando …

“Feed” with diferente microscopic models

Compare predicted properties with

Observed data.

Microscopic 
Composition

Ewuation of State Macroscopic 
Structure



Rotating Compact Stars

• During its evolution, compact stars may acquire high rotational frequencies 
(possibly up to 500 hz)

• Rotation breaks spherical symmetry, increasing the degrees of freedom.

• A rotating distribution of matter will drag along the inertial frames: Lense-Thirring
effect.



Field equations and structure for a rotating 

compact star

• We seek to describe a self-gravitating perfect fluid, with axial symmetry. Under 
this circumstances we can write the metric as

• We also make use of the perfect-fluid energy-momentum tensor

• In addition to that we also need an equation of state to provide information 
from the microscopic realm.
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Field equations and structure for a rotating 

compact star

• Since we are not dealing with a spherically symmetric system, we need to solve 
Einstein’s equation in all space (Birkhoff’s theorem cannot be used) 

• We can separate the linear operators of the field equation, and treat the 
nonlinear part as effective sources:



Field equations and structure for a rotating 

compact star

• The sources are then given by



Field equations and structure for a rotating 

compact star

• The final metric equation can be written as



Field equations and structure for a rotating 

compact star

• We note that in the above equations Ω is the angular velocity measured by an 
observer at infinity, and 𝑣 is the matter proper velocity with respect to a zero 
angular momentum observer (ZAMO), given by

• The four-velocity components in coordinate systems are



Field equations and structure for a rotating 

compact star

• One needs also to impose hydrostatic equilibrium, in addition to solving the field 
equations,

• Finally if differential rotation is considered one also need to make use of a rotation 
law: 𝐹(Ω) .

• Traditionally, one uses



Numerical solutions

• As discussed, we need to solve Einstein’s equation in the whole space, which 
would mean an infinite domain. This can be remedied by making a change of 
variables that map the whole space in coordinates that vary between 0 and 1, 
such as

• Where ഥ𝑟𝑒 is a dimensionless radius at the equator of the stellar surface.



Numerical solutions

• The first three PDE’s are integrated, iteratively, through Green’s functions 
expansion:



Numerical solutions
• Where the effective sources are given by



Numerical solutions

• The final metric equation can be integrated directly



Numerical solutions – Macroscopic quantities

• Once the field equations as well as the hydrostatic equilibrium eqs. are solved, 
one can compute relevant macroscopic properties such as

➢Gravitational Mass

➢Rest mass



Numerical solutions – Macroscopic quantities

➢ Proper mass

➢Angular Momentum

➢Kinetic Energy



Numerical solutions – Macroscopic quantities

HV G300



Numerical solutions – Macroscopic quantities



Magnetized Neutron Stars

• Large amount of observed data indicates presence of large magnetic fields in 
neutron stars.

• Although there is vast amount of data regarding the magnetic field at the 
surface, very little is known about the field distribution in the stellar interior.

• It is reasonable, however, to consider the possibility that such field permeate the 
object and may affect its structure.

• We now discuss the general relativistic structure of neutron stars with strong 
magnetic fields.



Magnetized Neutron Stars

• We must first consider that beyond the perfect fluid we must add the 
electromagnetic energy-momentum as a source

• We recall that                            ; where        is the e.m. four potential.

• We now write the most general  axis-symmetric, stationary metric

Cardall, C. Y., Prakash, M., & Lattimer, J. M. (2001) The Astrophysical Journal, 554(1), 322–339 
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Magnetized Neutron Stars

• Similarly to the rotational case, we can write Einstein’s equations as

onde

where the following definitions where used



Magnetized Neutron Stars

• The sources of the field equations are given by

Where the following notation was adopted

We have that 𝐺𝑛 is the gravitational constant.



Magnetized Neutron Stars

• The actual sources can be divided in the matter and electromagnetic 
contributions. The matter (perfect fluid) contributions are

where



Magnetized Neutron Stars

• Whereas the electromagnetic contributions are given by

Where the electric and magnetic fields 

are those observed by an eulerian

observer



Magnetized Neutron Stars

• In addition to Einstein’s equation, one needs to simultaneously solve Maxwell’s 
equation in a curved space time, which can be written as 

• With the sources



Magnetized Neutron Stars

• Finally we must also impose hydrostatic equilibrium

• The whole set of equations (Einstein’s, Maxwell’s and Hydrostatic Equilibrium) can 
be solved via the same numerical technique discussed for the rotation case.



Magnetized Neutron Stars

Energy density contours for two diferente magnetic field configurations.



Magnetized Neutron Stars

Contour plots for the electromagnetic potential in two different magnetic field config.




