
General Relativity and

Neutron Stars
Rodrigo Negreiros – UFF - Brazil



Outline

• Stellar Evolution (very quick overview)

• Units

• General Relativity (an introduction)

• Special Relativity

• Geometric Description of Space-time

• Schwarzschild Solution

• Orbits in GR



References for this lecture



A quick refresher on the life cycle of stars



Main sequence stars
• Spend most of their life “burning” 

hydrogen

• Nuclear reactions in their interior 
synthetize nuclei from helium to iron.

• Its lifetime depend mostly on their mass.



Life after death?



PART I : UNITS



Gravitational Units
• We now briefly discuss a system of units that is largely used for general relativity 

calculations. 

• Such system (Gravitational/Geometrical) is defined by 𝐺 = 𝑐 = 𝑘 = 1, leading to



System of Units: Nuclear Physics

• In nuclear physics we traditionally use energy in MeV (106 eV)

• Using the relations just discussed we get

• One unit that is particularly important is the fermi (fm) which is the typical range of the 
nuclear force:

• Also very useful is

Pressure and Energy Density:



Natural units

• Particularly useful for nuclear and particle physics  → ℏ = 𝑐 = 1

• Leads to

• Which can be connected to astrophysical relevant quantities as

• We can then define a mixed system, very useful for studying compact stars, 



PART II : General Relativity 
(an introduction)



Brief mathematical foundation

• Vectors

• One-form (Dual vector)

• Tensors: Functions of q + p variables (q vectors, p one-form)

Einstein’s notation



Brief mathematical foundation

• Example: metric tensor (0,2) 

• For 3d Metrics:

• Line element (infinitesimal distance between two points):

• For an Euclidian space we have then



Special Relativity

• Laws of physics are the same in all inertial frames

• Speed of light is the same in all inertial frames.

• Laws of Physics are invariant under Lorentz transformations

• Lorentz Transformations

COVARIANCE

Lorenz covariance



Special Relativity

• We can represent Lorentz’s transformation as rotations



Special Relativity

• Silmultaneity



Space-time diagrams

Time-like

Light-like

Space-like



The Equivalence principle

• “glueckischte Gedanke meines Lebens” – happiest thought of my life

• A free-falling observer does not “feel” a gravitational field. 



Riemman Curvature Tensor

• We define a closed path in a Riemman
manifold.

• We parallel transport a vector along this 
path.

• We use the change of the vector 
transported to determine the curvature 
of the manifold.

Christoffel’s Symbol



Einstein’s Equation

• We seek a relativistic analogous to the classic gravitational field equation:

• In GR, the sources are given by the mass-energy, represented by energy-
momentum tensor, thus suggesting

• We need then a rank-2 tensor to replace the classic field U.

Einstein’s Tensor

• Energy conservation (                  ) implies that

• Using energy conservation as well as geometric properties we can find



Einstein’s equation in Vacuum

• In the absence of sources we have

• Thus

• Multiplying by the metric 

• Since                               and                     , we have that

• Hence in vacuum we have



Schwarzschild’s Solution

• Curvature outside of a spherically symmetric mass distribution

• Which can also be written as



Schwarzschild’s Solution - Orbits

• Let’s consider orbits in a Schwarzschild’s geometry

• Angular momentum conservation implies that orbits take place in a plane

• Normalization of the four-velocity (                                      ) allow us to write

• Which can be rewritten as

• Thus the effective potential for an orbit in a Schwarzschild geometry is

Energy per mass
Angular momentum per mass



Schwarzschild’s Solution - Orbits



Schwarzschild’s Solution - Orbits



Schwarzschild’s Solution - Orbits

• An orbit is closed if the angle f  is different than 2π after two successive 
passages in a return point. 

• The precession angle is

• Let’s find the shape of the orbits by writting



Schwarzschild’s Solution - Orbits

• Applying to Mercury-sun, we find



Activities

I) Using the conversion table provided, determine:
➢ The mass of the sun in km

➢ The temperature 1010 K in MeV

II) Determine what would be the Schwarzschild radius of a spherical 
black hole with the mass of the Earth?

III) What would happen to the orbits of the planets in the solar the
system if the sun were replaced by a black hole with the same mass?

IV) Using the answers of item I) and considering a chemical potential 
𝜇~1000 MeV, do you consider that a zero-temperature approximation 
is reasonable for neutron stars?


