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Recalling that [see eq. (14.95)] 
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and using eq. ( 14.157), valid on the energy shell, we find that 
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• 
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Now, let us consider a group of final states <Pb having almost the same 
energy as the initial state «Pa. We assume that t.Pa does not belong to these 
states (i.e. we are dealing with a genuine transition) so that the first term on 
the right of eq. (15.12) disappears. Then the transition probability per unit 
time w to the group of states f/Jb is given by 

w = 2n L b(Eb- Ea)l(blffla)l 2 (15.13) 
b 

where the summation on b includes the set of final states which we want to 
consider. Let us denote by Pb(E) the density of final states [so that Pb dE is 
the number of states f/Jb in the energy range (E, E + dE)]. Assuming that 
both pb(E) and (blffla) are slowly varying functions of E in the (small) 
energy range (Eb - Eb + we find that the transition probability 
per unit time to the group of states <Pb is given by 

J
Eb+AEb 

W = 2n L - Ea)J(b'lffla)J 2pb,(E') dE' 
b' Eb-AEb 

= 2n L pb,(E)((b'lffla)l 2 (15.14) 
b' 
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15.2. Cross sections and lifetimes 

Having calculated the transition probability (15.13) from the T-matrix 
element, we are now prepared to obtain the corresponding cross sections. 
Recalling the definition of Section 1.3, we write 

ilu = wjf/J A (15.21) 
where lP A is the relative flux of the incident particles A with respect to the 
target. With the "normalization" adopted for the asymptotic states, this 
quantity is given in both non-relativistic and relativistic cases by 

cpA = (21t)- 3v1 = (21t)- 3 lvA - VBI (15.22) 
where vA and vB are respectively the (collinear) velocities of the incident 
particles A and the target particles Band v1 is the magnitude of the relative 
velocity in the initial channel. Thus 

(2n)4 2 
llu = L c5(Eb - E8 )c5(Pb - P8)-1Tbal (15.23) 

b Vi 

where the sum on b runs over a range of states determined by the experi-
mental resolution. In particular, if we are interested in transitions a -+ b 
from a specific initial channel a = (i, oc), (with i and a fixed) to some final 
states b = (f, P) belonging to the arrangement channel f, we may write 

(2n)4 2 
llu = L c5(Eb - E8 )c5(Pb - P8)-1Tbal (15.24) 

P vi 
where the summation includes a set of final states P belonging to the 
arrangement channel f and having the internal quantum numbers which are 
contained in the index P [2]. 

In order to specify the summation over the range of final states which 
appears in eq. (15.23) or (15.24), we consider for example a collision of the 
type 

A+B-+C +C +···C 1 2 n (15.25) 
in which there are n distinct particles in the final state with wave vectors 
k1, k 2, . .. km internal quantum numbers oc 1 , oc2 , ••• an and energies E1 , E2, 
... En. Because of our normalization (5.6)-(5.8) of free states, the number of 
states in the interval (k, k + dk) is dk. Thus the phase space element in the 
final state is dk1 ·dk2 ••• dkn and we may rewrite eq. (15.23) as 

f (2n)4 2 
Jlu = L dk1 dk2 ... dkn c5(Eb - E8 )c5(Pb - Pa)-1 Tba1 . (15.26) 

C!t,CX2,,, ,CXn Vi 

We note that the dynamics of the process is entirely contained in the 
transition matrix element Tba while the phase space factors are of a purely 
kinematical nature. The range of variables over which the sums or integra-
tions in eq. (15.26) are performed depends on the resolution of the detectors. 
For example, if the experimental setting cannot distinguish the spins of the 

References and notes on page 401 

relative flux of the 
incident particles with 
respect to the target

TRANSITION PROBABILITIES AND CROSS SECTIONS 379 

15.2. Cross sections and lifetimes 

Having calculated the transition probability (15.13) from the T-matrix 
element, we are now prepared to obtain the corresponding cross sections. 
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where lP A is the relative flux of the incident particles A with respect to the 
target. With the "normalization" adopted for the asymptotic states, this 
quantity is given in both non-relativistic and relativistic cases by 

cpA = (21t)- 3v1 = (21t)- 3 lvA - VBI (15.22) 
where vA and vB are respectively the (collinear) velocities of the incident 
particles A and the target particles Band v1 is the magnitude of the relative 
velocity in the initial channel. Thus 

(2n)4 2 
llu = L c5(Eb - E8 )c5(Pb - P8)-1Tbal (15.23) 

b Vi 

where the sum on b runs over a range of states determined by the experi-
mental resolution. In particular, if we are interested in transitions a -+ b 
from a specific initial channel a = (i, oc), (with i and a fixed) to some final 
states b = (f, P) belonging to the arrangement channel f, we may write 

(2n)4 2 
llu = L c5(Eb - E8 )c5(Pb - P8)-1Tbal (15.24) 

P vi 
where the summation includes a set of final states P belonging to the 
arrangement channel f and having the internal quantum numbers which are 
contained in the index P [2]. 

In order to specify the summation over the range of final states which 
appears in eq. (15.23) or (15.24), we consider for example a collision of the 
type 

A+B-+C +C +···C 1 2 n (15.25) 
in which there are n distinct particles in the final state with wave vectors 
k1, k 2, . .. km internal quantum numbers oc 1 , oc2 , ••• an and energies E1 , E2, 
... En. Because of our normalization (5.6)-(5.8) of free states, the number of 
states in the interval (k, k + dk) is dk. Thus the phase space element in the 
final state is dk1 ·dk2 ••• dkn and we may rewrite eq. (15.23) as 

f (2n)4 2 
Jlu = L dk1 dk2 ... dkn c5(Eb - E8 )c5(Pb - Pa)-1 Tba1 . (15.26) 

C!t,CX2,,, ,CXn Vi 

We note that the dynamics of the process is entirely contained in the 
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target. With the "normalization" adopted for the asymptotic states, this 
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appears in eq. (15.23) or (15.24), we consider for example a collision of the 
type 
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We note that the dynamics of the process is entirely contained in the 
transition matrix element Tba while the phase space factors are of a purely 
kinematical nature. The range of variables over which the sums or integra-
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15.2. Cross sections and lifetimes 

Having calculated the transition probability (15.13) from the T-matrix 
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ilu = wjf/J A (15.21) 
where lP A is the relative flux of the incident particles A with respect to the 
target. With the "normalization" adopted for the asymptotic states, this 
quantity is given in both non-relativistic and relativistic cases by 

cpA = (21t)- 3v1 = (21t)- 3 lvA - VBI (15.22) 
where vA and vB are respectively the (collinear) velocities of the incident 
particles A and the target particles Band v1 is the magnitude of the relative 
velocity in the initial channel. Thus 
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where the sum on b runs over a range of states determined by the experi-
mental resolution. In particular, if we are interested in transitions a -+ b 
from a specific initial channel a = (i, oc), (with i and a fixed) to some final 
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P vi 
where the summation includes a set of final states P belonging to the 
arrangement channel f and having the internal quantum numbers which are 
contained in the index P [2]. 

In order to specify the summation over the range of final states which 
appears in eq. (15.23) or (15.24), we consider for example a collision of the 
type 

A+B-+C +C +···C 1 2 n (15.25) 
in which there are n distinct particles in the final state with wave vectors 
k1, k 2, . .. km internal quantum numbers oc 1 , oc2 , ••• an and energies E1 , E2, 
... En. Because of our normalization (5.6)-(5.8) of free states, the number of 
states in the interval (k, k + dk) is dk. Thus the phase space element in the 
final state is dk1 ·dk2 ••• dkn and we may rewrite eq. (15.23) as 

f (2n)4 2 
Jlu = L dk1 dk2 ... dkn c5(Eb - E8 )c5(Pb - Pa)-1 Tba1 . (15.26) 
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We note that the dynamics of the process is entirely contained in the 
transition matrix element Tba while the phase space factors are of a purely 
kinematical nature. The range of variables over which the sums or integra-
tions in eq. (15.26) are performed depends on the resolution of the detectors. 
For example, if the experimental setting cannot distinguish the spins of the 
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which is the solution to (6.1) having incoming waves at infinity and a plane 
wave in the channel p. We now have two ways of writing the transition 
amplitude, 

y p a  = <’rb-’I 614,) = <4plvp/BIyh+)). (6.32) 
These are sometimes referred to as prior and post forms of writing K 
According to (6.29), the equality of the two forms also holds in the first Born 
approximation. 

Note that the transition operator T, according to (6.21) allows one to 
express Y as a matrix element between plane wave states 4. That is to say, 

V’ya = T p a 4 a .  (6.33) 

Integral equations can also be derived for the T operator. Using the 
operator identity (6.20) and, variously, (6.28) and (6.29), we can obtain the 
following results: 

E - H + i e  Tp, = Vp + v, 
E - Hp - Tp + i E  

(6.34a) 

or 

1 
E - H a  - T,  + i E  v,=v,+Tpa v,. 1 

E - H a  - T, + is T p a  = V, + T p a  

(6.34b) 

We can also derive several series expansions for T by iterating the integral 
equation (6.34b). Thus, for example, 

1 
E - Ha - T, + is 

1 1 K 

Tp, = Va + V, v, 

V ,  + . . . (6.35) 
E - H a  - T,  + ie E - H a  - Ta + i E  + K  

and a similar series with a-+B everywhere on the right side. This is an 
important equation. If V ,  is a potential that can be treated in perturbation 
theory, then the series provides a way of calculating Ypa to any desired order in 
V,. However, the free nucleon-nucleon interaction is not such a well-behaved 
potential that this expansion can be used for that purpose. The reason for 

Cross sections with T-matrix (general cases)
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Unpolarized- the average differential cross section
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outgoing particles- so that all are counted indistinctly by the detectors-
one must sum over final spins. Similarly, eq. (15.26) must be integrated over 
the momenta and summed over the other quantum numbers of the final 
particles corresponding to the collision ( 15.25) but which cannot be detected 
by the experimental apparatus. 

If the range of the sum over final states is very small, we may replace 
by the differential drJ. When, on the contrary, the summation includes all 
the possible final states, then = O'tot, the total cross section for all processes 
that can be generated from the interaction of the two initial particles. By 
summing over all possible final states within a given final channel [3]b = {f, p), 
we obtain from eq. (15.26) the total cross section for the transition from 
channel a = (i, a) to channel b = {f, p). 

The cross sections given by eq. (15.26) are those corresponding to the case 
where the two colliding particles A and B are in specific internal states before 
the collision. Frequently, however, these two particles are distributed among 
a mixture of states, so that the observed cross sections are obtained by 
performing a weighted average of eq. (15.26) over the initial quantum 
numbers of the particles A and B. For example, if the colliding particles 
have spins SA and Sa and are randomly distributed over the set of (2SA + 1) 
(2S a + 1) spin states - in which case the scattering system is said to be 
unpolarized- the average differential cross section is 

(15.27) 

where du<sA,So) is the differential cross section for the case when particles 
A and B are respectively in the spin states denoted by SA and Sa. When the 
spin states are not randomly distributed, the scattering system is said to be 
polarized. We shall examine examples of such polarized systems in Sections 
15.5 and 18.3. 

The cross section formulae which we have obtained are not correct when 
there are identical particles in the initial or final states. In this case, a proper 
symmetrization of the initial and final asymptotic states must be performed. 
A simple example is provided by a collision in which N identical elementary 
particles emerge in the final state. Then, in order to avoid counting the same 
states repeatedly, we must write for the total cross section 

utot = fdu. (15.28) N. 
Similarly, if there are Ni(i = 1, 2, ... n) identical elementary particles of the 
kind i in the final state, then 

O"tot = n l J du. n <Ni!) 
i= 1 

(15.29) 

On-shell T-matrix

Post-Prior equivalencetwo body

T = V + VG0T

three body

σi←j ∝ |⟨Φi |Uij |Φj⟩ |2
Uij = δ̄ijG−1

0 (E) + ∑
k

δ̄iktkG0(E)Ukj

U0j = G−1
0 (E) + ∑

k

tkG0Ukj
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If potential can divided into two term    V = U + ΔV
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in the simpler case of an optical potential or a one-channel problem in the last 
chapter. The other new result of note is Watson's multiple-scattering series. 

We shall not rigorously justify the manipulations of this chapter nor review 
in any detail the representation theory of quantum mechanics, which is 
discussed very elegantly by Dirac in his textbook on quantum mechanics. 
(Dirac, 1947) Simply recall that the Schrodinger equation 

( E  - H ,  - T, - %)Y = 0, (6.1) 
which we have tacitly assumed to be given in a coordinate representation, has 
meaning independent of any particular representation. A particular represen- 
tation can be achieved by selecting a maximal set of commuting observ- 
ables for the system under discussion, whose simultaneous eigenfunctions 
we can denote by In), where n denotes collectively a set of eigenvalues 
of the observables. The complete set allows us to write 

lw = c In>(nl'Y>. (6.2) 
n 

This is analogous to a vector with the numbers ( n l Y )  representing the 
coordinates on the axis In). The sum can be discrete or continuous or both, 
depending on the eigenvalues. We refer to I Y) as the state vector and to its 
coordinate space representation (r l ,  r 2 , .  . . [Y)  as the wave function, where 
Y will be used to denote either one for notational simplicity and the content 
will determine which is meant. 

The operator multiplying Y in (6.1) can be described as a matrix once a 
particular representation is chosen and is otherwise an operator. Thus we may 
write 

C (nl(E - H ,  - T, - V,)ln')(n' lY) = 0, (6.3) 
n' 

wherein we see the matrix elements of the operator. We can, therefore, think of 
the manipulations in the next section as matrix manipulations, in which, 
however, we shall not always specify the basis. 

B. LIPPMANN-SCHWINGER EQUATlON 

Let us rewrite (6.1) by taking VY to the right side: 

( E  - Ha - Ta)Y = V,Y. (6.4) 

Multiplying through on the left by the inverse operator ( E  - Ha - Tg) - l ,  
which is a matrix operation if we choose a representation, we have 

CY. 1 
E - Ha - T,  

Y =  

72 6. Operator Formalism 

freedom. In this case factorization does not occur, so that xu denotes the state 
of the entire system. It is solution to 

( E  - H ,  - T, - U,)x, = 0. 

We can also write (6.1) together with (6.36) as 

( E  - H ,  - T, - U,)Y, = ( V ,  - U,)Y, + (E ,  - H ,  - T, - U,)X, 
or 

(6.36) 

1 
E - H ,  - T,  - U ,  -k ie 

y;+, = x u  (+)  + (V,  - U,)Y:”. (6.37) 

This is the integral equation (5.15).* Its ‘‘solution’’ can be obtained either by 
using the identity (6.20) or by observing that 

( E  - H ,  - T,  - V,W, = ( E  - H ,  - T, - &)Xu + K - ~ , ) x , ,  
from which 

(6.38) 

The F matrix can also be written in terms of the “distorted waves” x, which 
are solutions of (6.36). In other words, we can rederive (5.17) using these 
operator techniques. Use (6.38) for Yh” in 

fpa = (#plblY‘h+)) 

= (4pI5 - V ,  + u,lxh+’> + (q-q& - U,lXh+)>, (6.39) 

where (6.31) was used in the last step. An alternative derivation of this last 
result is given by Messiah (1962, Vol. 11, Ch. XIX, Sect. 20). Note that in the 
case of no rearrangement, that is to say, simply elastic or inelastic scattering, 
the two potentials Vp and V ,  are identical and only U ,  is left in the first term. It 

‘This was not a derivation but a fast way of “guessing” the answer. It can be derived from (6.21) 
using the identity (6.20) and the solution of (6.36) analogous to (6.21). Alternatively, by direct 
substitution of (6.37) into (6.1) with the aid of (6.20), we find 

- is 

E -  H , -  T , -  U a + i s  
( E  - H)’I’r) = (V, - UJY:+). 

In the same way as the is term of(6.25) was studied, the square of the norm of the right side is found 
to vanish as E + 0. 

Then
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Equations (6.39) and (6.46) are generalizations of the Gell-Mann-Goldbergerr 
transformation for a reaction involving two partitions, i.e., a rearrange- 
ment reaction. 

The result derived above is completely general, and holds true for any choice 
of potential U .  Of course, it is a useful result only if U is chosen so as to pose a 
solvable problem whose solution represents some of the essential features of 
the physical situation. The simplest case is the one already treated in Chapter 
5,  where U was assumed to be a one-body optical potential whose parameters 
were chosen so that the elastic cross section was well described. In Chapter 17 
we shall take up the subject of inelastic contributions to particle transfer 
reactions. In this more general case, U will be assumed to have properties that 
induce elastic and inelastic scattering, and can be referred to as a generalized 
optical potential. In either of these cases, U does not cause rearrangement 
reactions. Consequently, the first term of (6.39) vanishes if /3 is different from 
the entrance channel ct.$ 

At this point note that there is an equation analogous to (6.38) for ‘Pi-). It is 

(6.47) 

where, in accord with the convention adopted for non-Hermitian potentials, 
xb-’ satisfies 

( E  - H ,  - ‘T, - UB)xb-’ = 0. (6.48a) 

That (6.47) is a solution of (6.1) can be proven in several ways. For example, by 
direct substitution into (6.1) we obtain, 

The norm of the right side can be proven to vanish in the limit E + 0,just as was 
done for a similar object earlier in the chapter. Alternatively, note the integral 
equation and solution corresponding to (6.48a): 

(6.48b) 

(6.48~) 

This is clear for example from (6.40). If U ,  is an optical potential, then xr ’cannot  contain any 
outgoing waves in channel f i .  Therefore x r ’  can have no rearrangement amplitude. Formally, the 
first term of (6.39) can be proven to vanish by rewriting V, - V ,  + U ,  = ( H ,  + T, + U,) - 
( H 8  + Tg). Hermiticity can be proven in the case in which U is an optical potential as in the last 
section of this chapter. Consequently the first term of (6.39) vanishes on the energy shell. 

‡

where
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Now take the representation ra@, of GL+’ acting on an arbitrary vector X ) .  

( ramar I G r  ’ X )  

- m, exp(ik,r,) 
2nk2 r,  

- -- ( xL; ) lX )  (U =optical potential). (6.51) 

Thus the appearance of an operator like (6.50a) permits us to extract the 
scattering amplitude in terms of distorted waves, just as the appearance of the 
free Green’s function operator permitted its extraction according to (6.24b) for 
plane waves. 

H. DISTORTED-WAVE BORN APPROXIMATION 

We can use (6.38) in (6.46) to replace the exact wave function Y, by solutions 
x, of the auxiliary problem defined by (6.36). In practice, U is chosen as an 
optical potential such as was introduced in Chapter 4, or as a generalized 
optical potential that can cause both elastic and inelastic scattering. Let us 
now restrict U to be an optical potential. Then the first term of (6.46) is 
diagonal and we have, 

r f i a  = (xL-’lUal4,> J a ,  

Similarly, (6.47) can be used in (6.39) with the result 

y p a  = <#,(uajxk+’> 6afi 

We obtain the distorted-wave Born approximation by neglecting the second- 
and higher-order terms in Eqs. (6.52a) and (6.52b). Depending on whether 
we use (6.52a) or (6.52b), we obtain, for the first distorted-wave Born 

then

The distorted wave Born approximation
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approximation, 
y D W B . 4  - 

pa(post) - <xi-’[ ual$a> a,, + <Xb-’[ V, - Up[Xh+’?, (6.534 

(6.5 3 b) 

These two formulas are referred to as the post and prior forms of the 
distorted-wave Born approximation. They are equal to each other as will be 
shown. It is, therefore, a matter of convenience which formula is used. 
However, though equivalent as they stand, subsequent approximations can 
lead to different results. 

The first terms in (6.53a) and (6.53b) were already proven equivalent in 
(6.45). To see that the second terms are also equal note that because 

and 
y D W B A  - , ,a(prior) - <Cpa(ua(&+’? + <x$-’~K - Ual~‘,‘’). 

H = H , + T a + V , = H p + T p +  Vp, 
then 

Vp - V ,  = H a  + T,  - (Hp + Tp) 
Consequently the difference between the second terms of (6.53) can be 
rewritten, 

xb-’I(Vp - Up) - (V ,  - ua)lx‘,‘’> 
= (x$-’l(Ha + T ,  + u,) - ( H ,  + T ,  + U,>Ix‘b+)). 

By virtue of (6.36), the Hamiltonian in the first parenthesis on the right can 
be replaced by E .  We shall prove in the last section of this chapter that 
H ,  + T,  is Hermitian in the above context. Therefore by virtue of (6.48a) the 
quantity in the second parenthesis can also be replaced by E. Therefore, 

<x$-’lvp - U,[x:+’? = <xb-’lv, - u,lxh“>. (6.54) 
Thus, as asserted (6-53a) and (6-53b) are equivalent. 

Finally, we add a note on the relationship between x(+) and x(-), which was 
derived in Chapter 5. We can rederive it by noting the solutions (6.41b) 
and (6.44a). Thus, because Cp, has a plane wave part exp(ik;r,), we have 

and 
1 

E - Ha - T, - U: - iE 

from which it follows immediately that 

Similar we have
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If the reaction has the form a( = b + x) + A

α

→ b + B( = x + A)

β

The three body Hamiltonian H = T + Vbx + VxA + UbA

Compare with 
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writing the series is to show explicitly that the scattering operator invovles all 
orders of the interaction, corresponding to single, double, triple, . . . scattering 
by the potential I/: 

F. GELL-MANN-GOLDBERGER TRANSFORMATION 

It is frequently the case in scattering problems that an interaction can be 
divided into two pieces, V = V, + V,, such that one of them poses a solvable 
problem. The solution to this problem can then be used in an approximation 
scheme for handling the entire interaction. Direct nuclear reactions can be 
made to fit this scheme by the artifice of writing V = U + ( V  - U) .  In the last 
chapter, this device was employed to introduce the optical potential, a 
phenomenological interaction whose parameters can be adjusted to yield the 
observed elastic scattering rather well, as we saw in Chapter 4. The optical 
potential that we have discussed so far is a one-body potential that is 
independent of all internal nuclear degrees of freedom. However, many nuclei 
have certain collective states that are strongly excited in reactions. It is 
important to develop a scheme that treats such collective inelastic transitions 
on a comparable basis with the elastic scattering. We shall therefore consider 
the division V = U + ( V  - U )  as one that separates out the part of the 
interaction U that is responsible for elastic and inelastic transitions. We 
suppose that this part of the problem can be solved “exactly.” The remaining 
interaction ( V  - U )  is regarded as weak and is responsible, say, for the nucleon 
transfer reactions, which typically have smaller cross sections than the elastic 
or collective inelastic transitions. In a more general context, we simply regard 
U as an auxiliary potential introduced to represent an important part of the 
scattering. In the development of this section, which is a generalization of the 
Gell-Mann-Goldberger transformation to rearrangement collisions, we shall 
not make any special assumptions about U ,  other than that it differs from 1.: In 
general, then, it can cause elastic, inelastic, and rearrangement scattering. It is 
important to notice that, whereas the equality 

H = H ,  + T,  + V ,  = H ,  + T,  + V’= . . .  

corresponds merely to a rearrangement of terms in the Hamiltonian, as 
discussed in Chapter 3, no such equality exists for the auxiliary Hamiltonians 

H # H ,  + T,  + U ,  # Hp + Tp + U,. 
We shall retain the notation of Chapter 5 in denoting the state vector 

corresponding to U ,  as x,. However, in Chapter 5, U ,  was a one-body 
potential in the channel coordinate, so the problem separated into one 
involving the relative motion and one involving the intrinsic nuclear degrees of 

Hα = Tbx + Vbx

Vα = VxA + UbA

Hβ = TxA + VxA

Vβ = Vbx + UbA
We have and
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Becomes
Tprior = ⟨ϕb

xA χscatt
bB |VxA + UbA − UaA |ϕb

bx χscatt
aA ⟩

Tpost = ⟨ϕb
xA χscatt

bB |Vbx + UbA − UbB |ϕb
bx χscatt

aA ⟩

remnant term, when A is heavy ~0 



where

Vαα′�(R, R′�)

Numerical implementations
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Solve the equation in partial waves
T = ⟨ϕb

xA χscatt
bB |V |ϕb

bx χscatt
aA ⟩ V: post/prior

4.3.2 Target Single-Particle Mechanisms

If the target has the particle - core composition, then the coupling interaction is

V JT

α:α′(R) = ⟨(LJp)J, J ′
t ;JT |V|(L′Jp)J, Jt;JT ⟩ (100)

where the initial (primed) and final (unprimed) states are

φJ ′

t
(ξt, r) =

∑

ℓ′sj′
A

j′ItJ ′

t

ℓ′sj′ |(ℓ′s)j′, It;J
′
t⟩ and φJt(ξt, r) =

∑

ℓsj

AjItJt

ℓsj |(ℓs)j, It;Jt⟩, (101)

respectively, and It is the (fixed) spin of the core in the target. Then

V JT

α:α′(R) =
∑

Itjj′ℓℓ′
A

j′ItJ ′

t

ℓ′sj′ AjItJt

ℓsj

×
∑

Ja

(2Ja + 1)Ĵ ′
tĴt W (JjJT It;JaJt) W (J ′j′JT It;JaJ

′
t)

×
∑

Λsa

⎧

⎪

⎨

⎪

⎩

L ℓ Λ
Jp s sa

J j Ja

⎫

⎪

⎬

⎪

⎭

⎧

⎪

⎨

⎪

⎩

L′ ℓ′ Λ
Jp s sa

J ′ j′ Ja

⎫

⎪

⎬

⎪

⎭

XΛ
ℓL:ℓ′L′(R) (102)

4.4 Particle Transfers

4.4.1 Finite Range Transfers

To calculate the coupling term that arises when a particle is transferred, for example from a target bound
state to being bound in the projectile, we need to evaluate source terms of the form

Sα(R) =
∫ ∞

0
⟨(LJp)J, Jt;JT |V|(L′J ′

p)J
′, J ′

t;JT ⟩ fJT

(L′J ′
p)J ′,J ′

t
(R′)dR′ (103)

where the initial (primed) state has a composite target with internal coordinates ξ′t ≡ {ξt, r′} : φJ ′

t
(ξt, r′) =

|(ℓ′s)j′, Jt;J ′
t⟩ and the final (unprimed) state has a composite projectile with internal coordinates ξp ≡

{ξp′ , r} : φJp(ξ
′
p, r) = |(ℓs)j, J ′

p;Jp⟩.

TheV is the interaction potential, of which the prior form is

V = Vℓsj(r) + Ucc(Rc)− Uα′(R′) (104)

and the post form is

V = Vℓ′sj′(r
′) + Ucc(Rc)− Uα(R) (105)

where Vβ(r) is the potential which binds ϕβ(r), Uα(R) are the optical potentials, and Ucc(Rc) is the
‘core-core’ potential, here between the p′ and the t nuclei. The Vβ will be real, but the Uα and Ucc will
typically have both real and imaginary components.

This source function Sα(R) evaluates a non-local integral operator, as it operates on the function fα′(R′)
to produce a function of R. This section therefore derives the non-local kernel Vα,α′(R,R′) so that the
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source term, which initially involves a five dimensional integral over r and R̂, may be calculated by
means of a one-dimensional integral over R′:

Sα(R) =
∫ Rm

0
Vα,α′(R,R′)fα′(R′)dR′. (106)

Note that when the initial and final single-particle states are real, then the kernel function is symmetric

Vα,α′(R,R′) = Vα′,α(R′, R), (107)

whereas if the states are unbound and complex-valued, then the kernel function is hermitian provided the
interaction potential V is real. If the particle states and the interaction potential are complex, then both
the forward and reverse kernels must be each calculated independently.

When the potential V contains only scalar potentials, the kernel calculation can be reduced to the problem
of finding XΛ

ℓL:ℓ′L′(R,R′) such that, given

⟨(LJp)J, Jt;JT |V|(L′J ′
p)J

′, J ′
t;JT ⟩ =

∑

ΛF

(−1)s+J ′

p−F Ĵ Ĵ ′
t ĵF̂ ĴpΛ̂

⎧

⎪

⎨

⎪

⎩

L′ J ′
p J ′

ℓ′ s′ j′

Λ F J

⎫

⎪

⎬

⎪

⎭

×W (Jtj
′JT J ′; J ′

tJ)W (lsJpJ
′
p; jF )W (LℓJF ; ΛJp)⟨ℓL;Λ|V|ℓ′L′;Λ⟩, (108)

the integral operator ⟨ℓL;Λ|V|ℓ′L′;Λ⟩ has the kernel function XΛ
ℓL:ℓ′L′(R,R′). Note that the F summa-

tion may be performed in an inner loop that does not evaluate the kernel function.

Now the r and r′ are linear combinations of the channel vectors R and R′: r = aR + bR′ and r′ =
a′R + b′R′ where, when ϕℓ(r) is the projectile bound state,

a = νtω, b = −ω, a′ = ω, b′ = −νpω, (109)

with νp ≡ Aκ′p/Aκp , νt ≡ Aκt/Aκ′t , and ω = (1− νpνt)−1 . When ϕℓ(r) is the target bound state

a = −νpω, b = ω, a′ = −ω, b′ = νtω, (110)

with νp ≡ Aκp/Aκ′p , νt ≡ Aκ′t/Aκt , and ω = (1 − νpνt)−1 . The ‘core-core’ vector is always
Rc = r′ − r = (a′ − a)R + (b′ − b)R′.

Thus the spherical harmonics Yℓ(r̂) and Yℓ′(r̂
′) can be given in terms of the spherical harmonics Yn(R̂)

and Yn′(R̂′) by means of the Moshinsky [71] solid-harmonic expansion (see also refs. [21] and [46]

Y m
ℓ (r̂) =

√
4π
∑

nλ

c(ℓ, n)
(aR)ℓ−n(bR′)n

rℓ
Y m−λ

ℓ−n (R̂)Y λ
n (R̂′)⟨ℓ− nm− λnλ|ℓm⟩ (111)

where

c(ℓ, n) =

√

√

√

√

1

2n + 1

(

2ℓ+ 1
2n

)

,

with
(

x
y

)

the binomial coefficient (Appendix A).
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1 Introduction

FRESCO is a Coupled-Channels program that can have finite-range transfer interactions among any
number of mass partitions, and any number of nuclear excitations in each partition.

This is accomplished by calculating and storing the kernels of the non-local interactions, and then
solving the coupled-channels set iteratively. At each iteration the stored kernels are used to integrate
the wave functions to generate the source terms for the next iteration. Pade approximants can be used
if the iterations diverge because of strong couplings.

The program can also generate local couplings for the rotational or single-particle excitations of
either the projectile or the target in any partition, the local form factors for zero-range or local-energy-
approximation can also be used. These various local interactions may also be included iteratively (to
give multistep DWBA), or alternatively the first few coupled channels may be blocked together and
solved by exact coupled-channels methods.

Special treatment is provided for any long ranged Coulomb multipoles, using James Christley’s
coupled-Coulomb functions CRCWFN, and interpolation in partial waves is also possible.

The nonlocal kernels for single-particle transfers are calculated first at a much smaller number of
interpolation points, and then expanded when necessary to calculate the source terms by integrating

S(R f ) =
Z Rmatch

0
Kf i(R f ,Ri)u(Ri)dRi

where RMATCH and HCM, the step size, are given on card 1. Since the kernel function Kf i(R f ,Ri)
is usually rapidly varying with D f i = R f �Ri (especially with heavy-ion reactions), and only slowly
varying with R f (if D f i is constant), FRESCO calculates and stores the function K0

f i(R f ,D f i) at inter-
vals of RINTP (card 1) in R f , and intervals of HNL in D f i. The D f i range considered is CENTRE-
RNL/2 to CENTRE+RNL/2, i.e. range of RNL centred at CENTRE, and FRESCO later suggests
improved values for RNL & CENTRE. The HNL reflects to physical variation of K0

f i with D f i, and
can be a fraction of HCM (for heavy ion reactions) or a multiple of HCM (for light ion reactions

1

Calculate transfer using fresco
 14

Numerical tricks:

M. Gómez-Ramos et al., Phys. Rev. C 92, 014613 (2015)



Potentials need for (d,p) transfer
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Relative two body interactions

Vpn(r) = − 72.15 MeV exp[ − (r/1.484 fm)2]n-p interaction 
(support bound state) 

n-A interaction 
(support bound state)

Assume it has Gaussian form 
Adjust the potential depth to 
reproduce the binding energy

p-A interaction 
complex interaction at 
half incoming energy

Wood-Saxon form 
Global potentials

KD02 

CH89
e.g.:

A.J.Koning, J.P.Delaroche, 
Nucl. Phys. A713, 231 (2003)

R. L. Varner, et al., Phys. Rep. 
201, 57 (1991).
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Potentials used in DWBA
Tprior = ⟨ϕb

xA χscatt
bB |VxA + UbA − UaA |ϕb

bx χscatt
aA ⟩

Tpost = ⟨ϕb
xA χscatt

bB |Vbx + UbA − UbB |ϕb
bx χscatt

aA ⟩

UaA → UdA

UbB → Up(A+n)
Some global potentials can be found in RIPL-3

https://www-nds.iaea.org/RIPL-3/
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n14(f17,ne18)c13 @ 170 MeV; 
NAMELIST
 &FRESCO hcm=0.03 rmatch=40 rintp=0.20 hnl=0.1 rnl=5.00 centre=0.0 

 jtmin=0.0  jtmax=120 absend=-1.0
 thmin=0.00 thmax=40.00 thinc=0.10
 iter=1 nnu=36
 chans=1 xstabl=1 
 elab=170.0  /

 &PARTITION namep='f17'  massp=17. zp=9 namet='n14'  masst=14. zt=7 nex=1  /
 &STATES jp=2.5 bandp=1 ep=0.0 cpot=1 jt=1.0 bandt=1 et=0.0000  /

 &PARTITION namep='ne18' massp=18. zp=10 namet='c13'  masst=13. zt=6 
qval=3.6286 nex=1  /
 &STATES jp=0. bandp=1 ep=0.0  cpot=2 jt=0.5 bandt=1 et=0.0000  /
 &partition /
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 &POT kp=1 ap=17.000 at=14.000 rc=1.3  /
 &POT kp=1 type=1 p1=37.2 p2=1.2 p3=0.6  p4=21.6 p5=1.2 p6=0.69  /

 &POT kp=2 ap=18.000 at=13.000 rc=1.3  /
 &POT kp=2 type=1 p1=37.2 p2=1.2 p3=0.6  p4=21.6 p5=1.2 p6=0.69  /

 &POT kp=3 at=17 rc=1.2  /
 &POT kp=3 type=1 p1=50.00 p2=1.2 p3=0.65   /
 &POT kp=3 type=3 p1=6.00  p2=1.2 p3=0.65   /

 &POT kp=4 at=13 rc=1.2  /
 &POT kp=4 type=1 p1=50.00 p2=1.2 p3=0.65   /
 &POT kp=4 type=3 p1=6.00  p2=1.2 p3=0.65   /

 &POT kp=5 ap=17.000 at=14.000 rc=1.3  /
 &POT kp=5 type=1 p1=37.2 p2=1.2 p3=0.6  p4=21.6 p5=1.2 p6=0.69  /
 &pot /

 &Overlap kn1=1 ic1=1 ic2=2 in=1 kind=0 nn=1 l=2 sn=0.5 j=2.5 kbpot=3 
be=3.922  isc=1 ipc=0 /
 &Overlap kn1=2 ic1=2 ic2=1 in=2 kind=3 nn=1 l=1 sn=0.5 ia=1 ib=1 
j=1.0 kbpot=4 be=7.5506 isc=1 ipc=0 /
 &overlap /
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 &Coupling icto=-2 icfrom=1 kind=7 ip1=0 ip2=-1 ip3=5 /
 &CFP in=1 ib=1 ia=1 kn=1 a=1.00  /
 &CFP in=2 ib=1 ia=1 kn=2 a=1.00  /
 &CFP /
 &coupling /

More details can be found at http://www.fresco.org.uk/input2.9/html/index.html 

http://www.fresco.org.uk/input2.9/html/index.html



