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Why Reactions?

Elastic:
Traditionally used to extract optical potentials, 
rms radii, density distributions

Inlastic:
Traditionally used to extract 
electromagnetic transitions 
or nuclear deformations.

Transfer: Traditionally used to extract spin, parity, spectroscopic factors
example:  132Sn(d,p)133Sn

Traditionally used to study two-nucleon correlations and pairing
example: 11Li(p,t)9Li



(d,p) Reactions: Reduce Many-Body to Few-Body Problem

• Isolate important degrees of freedom in a reaction
• Keep track of important channels
• Connect back to the many-body problem

Task:

Hamiltonian for effective few-body poblem:  

H = H0 + Vnp + VnA + VpA

Effective (optical) potentials 
p+A and n+A

np interaction 

Effective Three-Body Problem



(d,p) Reactions as three-body problem

Elastic, breakup, rearrangement channels are included and fully coupled
(compared to e.g. CDCC calculations)

Issues:
current momentum 
space implementation 
of Coulomb interaction 
(shielding) does not
converge for Z ≥ 20

Courtesy: F.M. Nunes

CDCC and Faddeev
do not agree in 
breakup up



Suitable nucleus for development work: 
6Li as  n+p+α system

Alpha tightly bound:   E4[α]   = -28.3 MeV
n & p loosely bound: E3[6Li] = -3.7 MeV

Several Faddeev type calculations exist → ideal for benchmarking



Basics: 3 different particles, 3 rearrangement channels

Jacobi 
coordinates



Jacobi Coordinates (simpler equal mass particles)





Particles with different masses:

Reduced masses:

Total mass: Total momentum:

Free Hamiltonian:

CE



Inverse transformations: 



Three-body Schrödinger equation
Example:  equal mass particles

Schrödinger equation:

Notation:

Write Schrödinger equation as integral equation

for scattering with  +iε

Iterate:

This does not work due to disconnected pieces



Faddeev suggestion

Decompose 

With Faddeev components:

Invert:

Set  of 3 coupled 
Faddeev equations

Bound state

CE

CE

CE



Faddeev equations

Connected kernels in integral equation



Scattering:

Define scattering state:

deuteron
Example: equal mass particles

Schrödinger equation:

Scattering initiated by          but 1 can interact with 2 and 3, there are several 
possibilities for the exit channel



Green’s function is not the free Green’s function but rather a channel Green’s functioin



Define transition operator:





Triad of Lippman-Schwinger equations

Same for 2 and 3

It is necessary and sufficient to solve for one set to obtain a unique solution



Alt-Grassberger-Sandhas (AGS) equtions
For scattering one usually does not need wave functions. One needs transition 
amplitudes which determine the cross sections







AGS transition operators fulfill Faddeev-type equations

Faddeev-AGS equations

Transition matrix element from channel i to channel j

States:

Partial wave expansion: 

Explicit:

CE



Faddeev-AGS equations for (d,p) reactions

Faddeev-AGS equations [Alt-Sandhas-Grassberger NP B2, 167 (1967)]

cross sections:



Considerations for two-body subsystems
Are described in momentum space by solutions of LS integral equations:

ti (E) = V + V G0 (E) ti (E) 

Two-body potential V :         V(p’,p)    ≡  non-separable

�
𝑛𝑛𝑚𝑚

ℎ𝑛𝑛 𝑝𝑝′ 𝜆𝜆𝑚𝑚𝑛𝑛 ℎ𝑚𝑚(𝑝𝑝)V(p’,p) = ≡ separable

EST scheme: basis expansion of potential in scattering wave functions

= VP (PVP)-1 PV Vseparable

With and

t-matrix 

EST: PRC 8, 46 (1973)
PRC 9, 1780 (1974)

In two-body system identical observables, PRC 88,  064608 (2013)

CE



Faddeev-AGS equations with separable interactions

Matrix representation

Three components for three different subsystems

Radial part of 
transition operators

𝜏𝜏𝑖𝑖 generalized propagators 

Z(ij) generalized transition amplitudes

Bound state Faddeev equations have similar structure but are 
a set of homogeneous integral equations



‘transition amplitudes’ Z(ij) (qi,qj’)

Contains three-
body dynamics 

Describes 
transition between 
channels (j) and (i)



Two-body interactions
Deuteron channel:  CD-Bonn Potential (χ2 ≈ 1)

n/p – α channel  (S1/2, P1/2, P3/2 ): Bang Potential

p – α Coulomb potential: 



Projecting out Pauli-forbidden state

Can be generalized to arbitrary number of Pauli-forbidden states

Particularly well suited for momentum space Faddeev equations

(unphysical)



Elastic scattering: d+α

CE
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