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General Setup:

2 particles with masses m1 and m2 move with momenta k1 and k2

Relative momentum:             p = 1
2

(k1 - k2 ) 

Total momentum:                 P = (k1 + k2 ) 

Total mass:                            M = m1 + m2

Reduced mass:                    1
𝜇𝜇

= 1
𝑚𝑚1

+ 1
𝑚𝑚2

Hamiltonian for free motion:   𝐻𝐻0 = 𝑘𝑘12

2𝑚𝑚1
+ 𝑘𝑘22

2𝑚𝑚2
= 𝑃𝑃2

2𝑀𝑀
+ 𝑝𝑝2

2𝜇𝜇

Two body wavefunction:        𝜳𝜳 𝒌𝒌1,𝒌𝒌2 = 𝜳𝜳(𝑷𝑷,𝒑𝒑)



𝜳𝜳 𝑷𝑷,𝒑𝒑 = Ψ 𝑷𝑷 𝜓𝜓(𝒑𝒑)IF forces depend only on relative momenta (coordinates):

And we can consider the problem only in relative variables.

Introduce momentum eigenstates:  normalized as

Simplify for the moment to equal mass situation:   m1 = m2 =m  →  2μ =m 

Assume potential to be energy independent, then

or

Assumption:   V (r → ∞) ≈ 1
𝑟𝑟1+𝜀𝜀

[Kupsch-Sandhas Theorem]

J. Kupsch, W. Sandhas, Commun. Math. Phys. 2, 147 (1966)



Schrödinger equation can be cast into integral form, 
the Lippmann-Schwinger (LS) equation:





also known as Sommerfeld radiaton condition



Interpret in terms of scattered momentum 

Introduce transition amplitude

where t is the result of the scattering process and determines all scattering observables

We read off:

with

follows

=free propagator



LS operator equation for the transition amplitude

Simple physical interpretation by iterating

LS equation contains V iterated to all orders as does the Schrödinger equation.



Scattering amplitude and cross section:

Initial velocity  vi = final velocity vf ≡  elastic scattering 



How do we solve the scattering problem in practice?
Choose basis

Option 1:  momentum space eigenstates  | ⟩𝒑𝒑

Free propagator simple

LS equation becomes integral equation of Fredholm type

Solve numerically with standard methods

Option 2:  coordinate space eigenstates | ⟩𝒓𝒓

For local potentials  

2nd order differential equation  

Solve numerically with standard methods

We will practice with option 2



Assume rotationally invariant potential:   V(r1-r2) = V(|r1-r2|) ≡V(r)

Assume potential short ranged (i.e. falling off faster than 1/r1+ε

→  [H0,L2] = [H0,L3] = [L2,L3] =0 

Scattering: initial beam is symmetric around beam axis (m=0)
→ scattered wave is also → 

Solve  (𝐻𝐻0 + 𝑉𝑉 − 𝐸𝐸) ψ (𝑅𝑅, 𝜃𝜃) = 0

H0 ≡



Solution of scattering equation needs to match asymptotic form:

Rn :  some large R where  V(R) ≈ 0  (potential dependent)



Partial wave expansion

Legendre polynomials  

are eigenstates of L2 and L3



Matching asymptotic form:



Plane wave and Coulomb functions

free solution or plane wave

Standing wave boundary 
conditions



Properties of  F, G, H  for η=0  (Bessel and Neuman functions) 



Partial wave expansion

Solution of Schrödinger equation:

Plane wave:





Match logarithmic derivative → don’t worry about normalization



S-matrix and scattering amplitude

Relations: 



Phase shifts: 

+ nB(E) π



Phase shifts as function of energy:

http://gwdac.phys.gwu.edu/
NN phase shifts from



Relation to t-matrix



Useful relations:



Integrated cross section and optical theorem



Resonances and phase shifts
Consider:

Resonance may be characterized by 
rapid change in 
 cross section 
 phase shift 

Consider phase shift for small momenta

Pole at 



Inserting and neglecting terms (E-ER) in numerator 

with



Argand diagram



Δ (1232) 

Pion nucleon scattering

Usually there is background in addition to the resonant part:

Physics realization of an “ideal” resonance: Δ (1232)



n + α scattering
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